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Teopuy KOMILIEKCHBIX YNCETI, KBATEPHUOHOB U CIVHOB OTHOCATCS K He-
O0IBIIOMY YMCIy Haubonee (PyHIAMEHTAIBHEIX YaCTed [eOMETPUM, UMEo-
IUX HanOOJee BajKHEIE MPWIOXKEHN B usuke. ONUCHIBAEMOE HUXKE reoMe-
TPUYECKOE MOCTPOEHNE TEOPUU KOMILIEKCHBIX 9UICENT (PPAHIIY3HI IPUINCAIN
Apramy, xoTs 3a cemb JeT 10 Aprasa ero OmyOIMKOBaJ JATCKUM MaTEMa-
Tuk Becceanb (KOTOPEII, BIpoYeM, NCXOAWI CKOPee U3 Oy IyIIUX MHKEHEPHBIX
MPUIOXKEHUN, HAIPUMED, K €IIé He TMOCTPOEHHOU TOrAa T€OPUM yPABHEHUU
Maxceesia u IepeMeHHOr0 TOKA).

KoMmiLiekcHuble dmncaa

PaccMoTpuM Ha €BKIMIOBOU MIIOCKOCTHU CACTEMY OPTOHOPMUPOBAHHEIX
KOOPAWHAT.

—e

Puc. 1. BemecrBenubie 6a3uCHBIE BEKTOPEI HA INIOCKOCTU KOMILUIEKCHBIX IKCEIl.
Basucubie BekTOpE 0603Ha4MM Yepe3 1 1Mo 0gHOM OCH, 4 [0 APYTOd OCU

(ot caoBa «imaginary», T.e. MHmMBI). TOYKA IMIOCKOCTH NPEACTABIAETC
B BUge a + b - i (eauHuy npu a HE nwmeM):
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Puc. 2. BemecrBennas u MHUMAsA 9aCTh KOMILIEKCHOT'O YHCIA.

BeKTOpI:xI Ha, INIOCKOCTU MOXXHO CKJIaOBbIBATH:

z1 [45] + bll
29 = as + by -4
21+ 29 = (a1 +a2)+(b1+b2) -

1* 3



Kpome cioxeHuss KOMIUIEKCHBIX YHUCEN, ONPENeIrM HUX YMHOXKEHUE.
Tabauma ymMHOXKEHUS:

Camoe ri1aBHOE HAYMHAETCS IPU YMHOXKEHUY § HA 1
i-1=—1.

Yucno i HA3BLIBAIOT MHUMbIM, TAK KAK HE CYIIECTBYEeT BEIEeCTBEHHOI'O K-
cl1a a, 4 KOTOPOTr'O BHIIOTHAIOCH OBI PABEHCTBO

IIpoussenenne aByX JOOBIX KOMILUIEKCHBIX YUCEJ ONPENEIAETCS MO B3aKOHY
IUCTPUOY TUBHOCTM:

2129 = (a1a2 — b1b2) + (a1b2 + Gle)i.

WNupivu cioBaMu, yMHOXKAA G1 HA a2 # by HA be, moOnyyaeMm BeIECTBEHHYIO
9aCTb NPOM3BeJeHUsa (UX Pa3HOCTH), a yMHOXas a; Ha by u by HA as —
MHEMYIO 9aCTh (CyMMy 9TUX AByX npoussegenun). OupegeneHune yMHOXKEHUSL
3aKOHYCHO.

3ameuanue. Bce cBoucTBa ymMHOXKEHUA (KOMMYTATHBHOCTB: 2123 =
= 2321; ACCOUMATUBHOCTL: (2122)23 = 21(2223); AUCTPUOY TUBHOCTDL MO OT-
HOLIEHUIO K CJIOXKEHUIO: 21(22 + 23) = 2122 + 2123) BHIIOIHAIOTCA OY9EBUIHBIM
00pas3oM.

C anrebpam4ecKOr TOYKM 3PEHUSA TEOPUS KOMILIEKCHLIX IMCEJa DTUM KC-
YePIILIBACTCA.

I[BH)KEHPIH ILIOCKOCTH

KoMmuiekcubie ynucaa — MaTeMaTUIECKUN anmnapaT s OMUCAHUA [BU-
KEHUU TIOCKOCTU. UTOOBI B 3TOM yOEIUTHCS, MBI BBEAEM €IlNe [OTOHU-
TeJbHOE

Onpeaenenne. KoMmmiekcHoe 9ucio

Z=a—b-i
HA3BIBAETCA KOMNAEKCHO CONPANCEMHDIM K TUCTY 2 = a + b - 4.
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Puc. 3. Komnunekcroe conpsxenue komku K.

Teomerpudeckn mepexoq OT 2 K Z — 3TO OTPAXKEHWE OTHOCUTEILHO
ocu O1.

Teopema. Conparcénnoe wucao ¥ cymme 08Yr KOMNAECKCHBIL YUCEL DAG-
HO CYMME YUCEA, CONPANCENHLIT K CAAGSAEMBIM:

21+ 20 =721+ 2o.

TeopeMma. Conpanucénnoe uucio K NPou3eedenuto 08Yr KoOMNAEKCHLIL
YUCes PaBHO NPOU3BEIEHUI0 UUCER, CONPANCEHHBIT K MHOHNCUMNEALM:

2122 = Z123.

Omnpepenenne. [Iponssegenre KOMILIEKCHOI'O YKCI HA COMPSXKEHHOE
€My UKCJIO HA3LIBAETCA K8aJPAMOM MOOYAL KOMILIEKCHOT'O YUCIA!

|z = 2Z.

Jlemma. Modyav xomnaekcnoeo wucas — deticmsumensbroe KeOMPUYa-
MeALHOE YUCAO.
HokazaTenbcTBo. KBagpar MOay/s HE MEHSETCS IIPU CONPSIKEHUN:

RZ =2z = 2%Z,

MOSTOMY OH SBJAETCA NEHACTBUTENbHEIM 9uCaIOoM. Kpome Toro, |z|? = 2z =
= a2+ b? > 0, T0>TOMY MOIYIb — TOXKE JEHCTBUTEILHOE HEOTPUIATEIHLHOE
9UCTIO. 0
Onpegenenme. Apzymenm o He PABHOIO HYJIH KOMILIEKCHOI'O YUCIA,
pPaBeH YIUy MOBOPOTA OT MOJOXUTEILHOU moiyocu O1 B CTOPOHY MOJOXKU-
TeabHOU MHUMOM nosiyocu (i O HAIPABIEHUs KOMILUIEKCHOI'O YHCIA.
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3ameuanue. Eciu |2 =1, To
a=cosa, b=sina.

Te, k1O He 3HAKOM C (PYHKIUAMI CUHYC U KOCHHYC, MOI'yT CIATATH ITO
3aMeYaHue ux OHper[LeJIeHI/IeM.

IIpumenuM Temepb KOMILIEKCHBIE YUCAA [ U3YIEHNs IBUKEHUN €BKIIV-
IOBOU ILIOCKOCTU. Paccmorpum kommmiekcHoe yucao w € C. Paccmorpum
mpeo6pa30BaHME «YMHOXKEHNE HA KOMILUIEKCHOE YUCIO 2», TIEPEBOAAIIEE Ka-
XKIYI0 TOUKY W B TOUKY 2w, The |z| =1, argz = a.

Teopema. [Ipeobpa308anue YMHOMCEHUA KA KOMNAECKCHOE UUCAO C MO-
dyaem edunuYya ABaLEMCA N0BOPOMOM Naockocmu {w}.

HokazaTenbcTBo. Paccmorpum kommiekcroe wuciao w. Cocamraem
MOYJb KOMILIEKCHOT'O YUCJIA, B KOTOPOE IEPEXOIUT W IPU HAmeM mpeobpa-
30BAaHUN:

|zw|? = zwzw = (27) - (wW) = ww = |w|>.

CueoBaTenbHO, JI060M BEKTOP TMEPEXOUT B BEKTOP TAKOU e JIuHEL. Kpo-
Me TOr'0, PaCcCTOSHME MeX Iy KOHIIAMU BEKTOPOB TakKXKe COXPAHAETCH:

|zwr — zws| = |z(wr — w2)| = |wy — wa].
VAT
/K]
w
2Ws UL
i

Puc. 4. Onepanusa yMHOXEHUA HA KOMILIEKCHOE YHUCIO C MOAYJIEM €IWHUIIA.

Takum 06pa3oM, mpeoOpa3OBaHME YMHOXKEHHUSI HA KOMILIEKCHOE YHCJIO
C MOAyJIEeM eIVHANA COXPAHAET JJIUHEL.

Baxnas geranb: 3T0 nmpeoOpa3oBaHue COXPAHIAET OPUEHTALNIO. O

3apgada. Bpamenue miockoctu {w} mo 4acoBOl CTPEIKe NEPEXOLUT IPK
HameM NpeoOpPa3OBAHMU BO BPAIIEHWE MO YACOBOM CTpenke (T.e. B Ty ke
CTOPOHY, 9TO U UCXOJHOE).

Orcrymrenue mpo opuweHTanuio. /s ompeneneHus OPUEHTAIUN
HYXH3 (POPMYJIa, KOTOPYIO OT CTYAEHTOB 339aCTYI0 CKPHIBAOT, — (GOPMYJIa,
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IIOMIAMU TAPALIEIOrPaMMa. IlyCTh HA €BKINIOBOU ILUIOCKOCTU C OPTOHOP-
mMupoBanHbIMU koopaunaTamu {(X,Y)} umeerca napamresorpavm. Iepsrin
BEKTOD, 3aJaI0lAN MapaLuierorpaMM, obosuadum vepes A = (r1,y1), BTO-
pou — uepe3 B = (x2,y2)-

Y

Y2 ----
Y1 -/

Puc. 5. OpuenTanus mI0CKOCTH IapOM BEKTOPOB.

Teopema. ILiowads S(A, B) napaasesozpamma, nopoxciennozo 6ek-
mopamu A u B, asasemca aunetinoti pynrxyuet om sexmopa A :

S(Al +A2,B) = S(Al,B) +S(A2,B)

(-’Ezayz) =B
(u’Ul;yl) =A

Puc. 6. IlapamerorpaMm, MOpOX AEHHLIM Mapou BeKTOPOB A u B.

ITromaas HALO CIUTATH CO 3HAKOM (ILTIOCHY, €Cin moBOpoT oT A x B —
B HAMPABIEHWM BPAINEHUA OT MEPBOU KOOPAUHATHOU TOIYOCH KO BTOPOU
(ma HameM pPUCYHKE — «IPOTUB YacoBOU CTpeakw»). COOTBETCTBEHHO,
CO 3HAKOM «MWHYC», €CIU TMOBOPOT OT A kK B — B NPOTUBOMOJOXKHYIO CTO-
pony. JIMHEMHOCTHL 3aBUCUMOCTU TLIOMAAUA OT MEPBOTO BEKTOPA O3HAYAET
TaK¥Xke, 9TO

S(kA,B) = kS(A, B).

OTU [Ba MPOCTHIX (PAKTa COAEPKAT B CKPHLITOM BUE BCIO (TEOPUIO OTIPEeIe-
JIATENeny.



Bosbmem 6Gasuc e = (1,0), f = (0,1). Torga mamu sexkToper A = A
u B = Ay MOXHO NpPEICTaBUTDL B BUIE

Al =zie+uyif, As=z0e+ysf.

Brraucasem mwiomans S(A1, A2). BereacrBue muHENHOCTE HOLyYaeM CyMMY
YEeTHIPEX CJAATAEMBIX

S(A1, A2) = z1725(e, €) + 21y2S(e, f) + y1225(f, €) + y1y2S(f, f)-

3xecs S(e,e) = 0, HOTOMY 9TO mAapALIEAOrPAMM, HATAHY THIZ Ha, mapy (e, e),
SABIAETCA BRIPOXK AeHHBIM. Ilo sTom xe camon mpuumue S(f, f) = 0. Haxee
samerum, 9to S(e, f) = 1; vo S(f,e) = —1, Tak Kak HaNpaBJICHUE BPAILCHUA
oT f k e — B 06paTHYyIO cTOpoHy. ClefoBaTersHO, BCA ILIOMAbL PABHA,

S(A1>A2) = Z1Y2 — T2Y1-

ITO YUCIO HABKIBALTCA ONPedeaumenem IPUBEIEHHON HIKE KBAIPATHON
TaOIUIBL 13 YETHIPEX KOMIIOHEHT HAIIUX BEKTOPOB, HABLIBAEMOU MAMpuyel
[MAPAJLIEIOTPAMMA
T1 Y
T2 Y2

S(A;1,4z) =

Meu1 06Cy 2K 1a€M BOIIPOC: COXPAHAETCS JIM [IPXA YMHOXKEHUY HA, 2 OPUEHTALUA !
Hapno B3saTh HAa MIOCKOCTH {W} OCHOBHOU IApaJUIEIOrPAMM U HOCMOTDETH,
Ky/Ja OH mepexoauT. Eciam miomaab 00pas3a MOJOXUTENbHA, TO OPUEHTAIAS
COXPAHAETCA, A €CI’ IIOMA s 00pa3a OTPUIATENBHA, TO OPUEHTAINA OCHOB-
HOTO (& 3HAYUT, U J60r0) napawerorpaMmMa Meaaerca. O6passl BEKTOPOB
eu f cyTnb

ze=z=a+bi, zf==zi=-b+ai.

Cue10BaTEILHO, MATPHIIA TAPALIETOrPAMMA-00Pa3a UMEET BU
T Y1\ _ a b
z y2) \-b a)’
Omnpegemurens >Tol MaTPUULL noaoxkuTeaeH (npu z # 0), Tak Kax

‘ “ Z’=a2—(—b)-b=a2+b2>o.



Ci1e10BaTEIBLHO, YMHOXEHIE HA, HEHYJIEBOE KOMILIEKCHOE IHICIO 2 COXPa-
HAET OPUEHTAINIO ILIOCKOCTH YMHOXKAEMEIX YHCeIL.

HUccnenyem, Ha KaKOU yrOJ IOBOPAYUBALTCA BEKTOP W P €0 YMHOXKE-
Huu Ha 2?7 Bo3bMéM mpocTenmun BEKTOp X MOCYMTAEM, HA KAKOU YIOJd OH
[IOBEPHETCS TIPY HAIIEM IPEeOOpPa3OBAHUI.

3ameuanue. Aire6panCcThl CIUTAIOT TPOCTEUIIAM IUCAOM 9ucao 0, HO
HaM OHO HE NOAXOJWT, MEI BO3bMEM B Ka4ECTBE IPOCTEUIIEro Iucio w = 1.
Torga yMHOXeHVE HA 2 TEPEBEIET €r0 B 2w = z = a + bi.

.z:z-wzl—CTa,no

w =1 — 6BLIO0
Puc. 7. IloBopoT BeKTOpa W IPM yMHOXEHMM HA HHUCIO Z.

W3 sroro caegyer, 4To Hame npeoGpa3OBAHUE MOBOPAIMBAET BEKTOD
w =1 Ha yrox a = argz.
CaeacTsue. Yunoxcenue na KOMNAEKCHOE YUCA0 Z, makoe umo |z| = 1,
ABAREMCA NOBOPOMOM NAOCKOCTIU KA Y204, PAGHBIT Arg 2.
Teopema. IIpu ymroMEHUL KOMNAEKCHDIT YWUCEA UT APLSYMENMbL CKAG-
duisaromes:
arg(zw) = arg z + arg w.

HokazaTenbcTBO. MEI y)e qoKa3anm, 4TO BEKTOp W = 1 npm ymMHOXKE-
HUN HA 2 IOBOPAYUBAETCS HA yroa . Ho mOCKOIbKY yMHOXEHWE Ha Z €CThb
[IOBOPOT, TO HA TAKOU XK€ yI'oJ IIOBOPAYMBAECTCA U 000U BeKTOp w. Bregém
ob6o3uauenne argw = . Torga umcno zw mmeeT aprymeHToM « + 3, T.e.
arg(zw) = argw + a. O

OTO NPUBOAUT K TPUTrOHOMETPUUECKUM TOXKIECTBAM, KOTOPHLIE MHAYE
HEBO3MOXKHO NOHATE. Ilycts 2 = a + bi, w = ¢+ di, |z] = 1, |w| = 1. Torga

zw = (ac — bd) + (ad + be)i.

IMockoarky argz = «, T0 @ = cosa, b = sina. ToyHO Tak Xe, MOCKOJIBKY
argw = 3, T0 ¢ = cos 3, d = sin . IlosToMy mony4IaeM s BeIeCTBEHHBLIX
¥ MHUMEIX 9aCTeH NMPOU3BEICHUA 2W BEIPAKCHUA

cos(a + f) = ac — bd
sin(a + ) = ad + be

cosa cos f — sinasin 3,

cosasin 8 + sin acos .

2—KOMII. 4. 9



Pdopmysa yMHOKEHUA KOMILIEKCHBIX YUCET JErKO 3aIIOMUHASTCSA U He Y-
TAeTCA HU C YeM APYyruM. A TpuroHomerpudeckux (GopMysa B HEU COOep-
XKUTCA OYEHb MHOTO, YTO JeTaeT U3 HUX U3MOOJCHHBIN JK3aMEeHATOPAMU BO-
MPOC HA TMPUEMHBLIX DK3aMEHAX.

Teopus BpallleHUN ¥ IBUXEHUU €BKIUIOBOU ILIOCKOCTH UCUEPILIBACTCA
NPUBEAEHHBIMU (POPMYIAMU.

3agada. [lokaxwure, 9TO NPU A1000M HAMYPAALHOM T

cos(ny) + isin(ng) = (cosp + isinp)”

(aTa dopmyna masesaerca gopmyaot Myaspa, Tak Kak €8 OTKPBLT TOPA3 A0
paHbIIE COBCEM APYTOU YEJOBEK).

IIpumep. U3 sTou popmyasr crenyer (myTéM PaCKpHITUA CKOOOK B Ou-
HOME NIPABOU 9acTH), 9T0 u Cos(ny), u sin(ny) — BeleCTBEHHBIE MHOIO-
WIEHBL ¢ UEABIMEA KO(PUIMEHTAMEU OT MEPEMEHHLIX T = COS, Yy = sin .
Wiy, MHEIMU CJIOBAMU, MPULZOHOMEMPUUECKUE MHO20UAEHbI (TAHENHEIE KOM-
OUHALIAY CUHYCOB U KOCUHYCOB KPDATHLIX YTUIOB) MONCHO PACCMAMPUBATMb KK
02PARUNEHUS OOBIUHBIL MHOZOUAEHO8 OM 08YT nepemernuir (T U Y) Ha 0%-
pyscwocmo (22 + y? = 1).

B wacTHOCTH, 09€HB 9ACTO MOME3HBI (POPMYJILI

cos(2p) = cos®> p —sin® p,  sin(2¢) = 2sin @ cos p,
cos(3p) = 4cos® p — 3cosy, sin(3y) = 3singp — 4sin® .

ITockonpky xocuHyC — 4éTHAA QYHKINA, & CUHYC — HeIETHAA (DYHKIIA
OT (, TO cOS(Np) MOXKHO NMPEICTABATEL B BUIE MHOTOYIEHA OT OJHOIO JUIIh
apryMenTa r = c0s ¢ (3aMeHuB Beaze sin® ¢ Ha, 1 —cos® ). DTu 3amevaTens-
HBIE MHOIOWIEHBI OT OJHOY [I€DEMEHHOU HA3EIBAIOTCSI MHOTOWIEHAMY 1e0bl-
IeBa, OHU 00/134a10T MHOIMMHU [IOJE3HBIMU CBOMCTBAMU («HAVMEHEE YKIOHS-
IOTCA OT HyJIsy, JOCTABIAIT «puryphl Jluccaxy» Ha sxpane ocuuwuiorpada™
u 7. 1.). [lpocTermmnme u3 >TuX MEHOTOWIEHOB NIEPENUCHIBAIOTCA B APYTrUX 060-
3HAYEHMIX CAEAYIOMIMM 00pa3oM:

Filz) =z, Folz)=22°> -1, F3(z) =42 - 3z,

O uaxo, ¢ CaMOro HAYAIa, BO3HUK BONPOC: KPOME BPAIIECHUN U [BUAXECHUN
miockocTu R? CYIIECTBYIOT BPAIEHNA U ABUXKEHUA IPOCTPAHCTBA R3. Kax

* Cwum., Hanipumep, B. H. Apnoavd, MaTemaTrn9ecKne MeTOLEl KIACCUIECKON MEXaHUKHA
(M.: Dguropuax YPCC, 2000).
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ux onucuiBaTh? Koe-uTo 3xech caenan yxe Beccens mpumepro B 1820 rogy.
Ho oxoHuaTenpHy0 TEOPUI0 MOCTPOWT MO3AHEE UPIAHICKAN MaTEMATUK
TammnsToH.

OpguuM TyMaHHBIM BedepoM M0 myTu u3 Tpurutu-komtemxa B [y6ante
TamuabToH npuber K MOMOMIX ATKOIOIBHLIX TAPOB. JTO U IPUBEJIO €r0 K 3a-
MeJaTeIbHON TeOPEME, KOTOPYIO MBI U3JI0XKUM HIKE (M KOTOPYIO OH IIBITAJICS
mepej 3TUM HAUTU MHOCO JaeT). ['0BOpAT, 9TO OH ObLI TaK IMOPAXKEH OTKPHI-
TOU UM (POPMYIOU, ITO CEUIAC KE BHIPE3AT €€ MEPOIMHHBIM HOXUKOM Ha, TIe-
pUiIax NEpeBsSIHHOIO MOCTHMKA 4Yepe3 KaHAJI, IO KOTOPOMY OH B DTO BpPEMs
mén. Ho s, x0Th n uckan 3Ty HAAIUCh, BEIPE3aHHYIO TOraa 'amMmibToHOM,
He Hamén eé Ha 3TOM MOCTUKe™.

0606meHne KOMIIJIEKCHBIX YHCeJI A0 IIOHJATHUA KBAaTE€EPDHHOHOB

Oxa3eIBaeTCA, LA OMUCaHua Bpamennit B R? myxnrr 4 uncia, nosromy
HaM TPeOYITCS BEKTOPA 4-MEPHOI'0 BELIECTBEHHOI'O IPOCTPAHCTBA — K6G-
mepruonbl. Boipesannas I'amuibronom Ha nepuwiax gopmyaa ijk = —1 gaér
TabIUIly YMHOXEHUsI KBATEPHUOHOB.

Urak, kBaTepHUOH — 5TO BEKTOP 4-MEPHOI'0 BEIIECTBEHHOI'O IPOCTPAH-
cTBa ¢ 6aszucoMm 1, 4, j, k (koTOpBIE HA3BIBAIOTCA GA3UCHEIMU KBATEPHUO-
Hamu): a + bi + ¢j + dk. Yucno a masmBaeTca eewecmeennoli wacmuio
(exanspom), a TpéxmepHbl BekTOp v = bi + ¢j + dk — mmumot wacmuio
kBarepHuoHa. CJOBO «BEKTOD» BIEPBBIE MOSBWIOCH MMEHHO B 3TOU TEOPUU.
Bo Bpemena 'amunbToHA BEKTOPOB He OBLIO, TAK YTO €My IPUILIOCH BHIIY-
MBIBATh BCIO TE€PMUHOJIOTHUIO.

«Hucnay 1, 4, j, k Ha3LIBAIOTCA 6A3UCHBIMY KBAMEPHUOHAMY.

CioxeHnne IBYyX KBAaTE€PHUOHOB — IOKOMIOHeHTHOe. (QHO KOMMyTa-
TUBHO ¥ aCCOLMATUBHO.

Camoe TpygHOE — IPUAYMATH, KAK YMHOXATH KBATEPHAOHEIL. Y MHOXKE-
Hue IUCTPUOYTUBHO OTHOCHTEIBLHO CJIOXKEHWs, TAK YTO NOCTATOYHO yMETh
YMHOXATh 0a3UCHbIE KBATEPHUOHEI.

* Onucansawi 3nu30] npousomén 16 okTabps 1843 roxa ma Bpykramckom MocTy 4e-
pes Kopouaesckun kanai, rge laMuibToH u BeIpesan ¢opmyay ijk = —1. B nuceme
cBoeMy chiHy Apumbaasgy or 5 aBrycra 1865 roza I'ammasTon numer o cyzab6e
aroi ¢opmyns: «..Ho, koHEUHO, KaK HAAOWCH, OHA yxe crépraces. (J. C. Ilo-
a0k, BapranuoHHBIE NPUHIUIE MEXAHUKW, X DA3BUTHE M IDHMEHEHUe B (U3MKe,
M.: Pusmaraur, 1960, 103-104.) — Ipum. ped.

2* 11



Tabaumna IamMuasToHA yMHOXKEHVS 0A3UCHBIX KBATEPHUOHOB:

1-1=1, 1= 4, 1-j= 3§, 1-k= Fk
i-l=4d, d-i=-1, i-j= k, i k=—j
J-1=yj, Jri=—k,  j-j=-1, j-k= 74
k-1=k, k-i= j, k-j=— k-k=—1.

SaMeTI/IM, YTO Pa3HbIe MHUMBIE KBATEPHUOHHBLIC «CAWHUIILI) NPU YMHOXE-

HUU HE KOMMYTHUDPYIOT, & aHTUKOMMYTUDYIOT: ij = k, HO ji = —k. Ecan
3HATD, YTO 4j = k, TO OCTAILHOE JEI'KO BEIBECTU U3 YCJIOBUS ACCOLUMATUBHO-
cTu yMHOXeHua. Hampumep, ik = 44j = —j, HOCKOIBKY 2 = —1.

IIpaBuiao ymMHOXKEHUA OABUCHBIX KBATEPHUOHOB IOLY9aeTC U3 (hOPMYJILI
1j = k UMKINYECKUMU TePEeCTaHOBKAM:

ij=k, jk=1i, ki=j.

yMHO)KeHI/Ie HE KOMMyTaTI/IBHO7 HO aCCOATUBHO. HeKOMMyTaTI/IBHI:JM
OHO ¥ TOJXKHO OBITH, YTOOBI OIMCHLIBATEL BPAIIEHUS TPEXMEDPHOI'O IPOCTPAH-
CTBa, KOTOPLIE HE BCE KOMMYTUPYIOT.

151 MI0OBIX KBATEPHUOHOB P, ¢, ' IMEIOT MECTO CAEAYIOLINE PABEHCTBA:

P+q¢=q+p (KOMMYTATUBHOCTH MO CJIOXKEHUIO),
(p+q +r=p+(g+r) (acconMaTUBHOCTL MO CJIOKEHUIO),
(p-q)-r=p-(¢g-r) (accoNUATUBHOCTH MO YMHOXEHUIO),
p-(g+r)=p-q+p-r (aucTpubyTUBHOCTS).
Takas omepauus yMHOXEHUs He TpeOyeT yMCTBEHHEIX CIOCOOHOCTEH,

a MO00HA YMHOXEHWI0 MHOTO3HAYHEIX IuCen™.
Mycte gambr gBa KBaTEpPHUOHA,

p=a1+vi, q=a+ve.

oTBETa:
Re(pq) = aras — biby — cico — dids.

* JlexapT MPEAJOXUI METO/ TIOJHOT0 UCKIOYEHUA TeOMETPUU U BOOOPAXKEHUS U3 Ma-
TEMATHUKH, KAK CAMBIN «[eMOKPATUIECKAN»: BEAb JIOO0U TYIHIA NPOABATAETCA NPH
mOZO0GHOM MeTO/e CTOMb XK€ YCIEIIHO, KAK U CAMBIM I'eHUAIBLHBIA yM.
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AcHO, 9TO IpOU3Be[eHE BEIIECTBEHHLIX YACTEN a1 G2 B OTBET BOUIET, HO IPA
NEePEMHOXEHUN WICHOB C APYTUMU OA3UCHEIMUA KBATEPHUOHAMHU BO3HUKAIOT
i? = -1, j2 = —1, k2 = —1, a IPyruUX BEIIECTBEHHLIX CIATAEMBLIX B TIPO-
u3BeeHNU HeT. 110 OMpEeNeHuio, CKaIapHblM NPou3sedenuem IBYX BEKTO-
POB TPEXMEPHOT0 €BKJIM I0BA, TPOCTPAHCTBA C OPTOHOPMUPOBAHHEIM 6A3UCOM
(i, J, k) HasbBaeTca OuIUHENHAA (DYHKIUA OT DTUX BEKTOPOB

bibs + cic2 + didy = (v1,v2).

3apgaga. /[[oxa3aTh, YTO CKAIAPHOE MPOU3BEEHNE TBYX BEKTOPOB PAB-
HO IIPOUW3BEAEHUIO UX JJWH HA KOCUHYC YIVIa MEX Iy HUMU:

(v1,v2) = [Jv1]| - [lvz] - cos(v1,v2).
BrraucauM MEHEMYIO 9aCTh OPOU3BEIeHNS KBATEPHUOHOB Pg.
Im(pq) = a1vs + azvr + [v1,v2],

rge [v1,v2] — BEKTOPHOE IPOM3BEJEHWE BEKTOPOB U1 X Uz. KOMIIOHEHTEI
BeKTOpHOr‘O HpOI/IBBerL[eHI/Iﬂ JIEI'KO BBIYUCJIUTL — 9TO OHpe,E[eJII/ITeJII/I:

b by

C2

C1

Co a1 a»
a1 as

by by k.

[v1,v2] = 1+ i+

3apgadga. [JoxazaTs, 9TO [v;, V2] IEPIEHAUKYIAPHO U1 U Vo.

Bribop mampaBreHus nepneHIUKYIsIPa HOLIMHEH TPEOOBAHUIM OPUEH-
Taruu ((IPABUIO TIPABOU PYKW»).

Tpoika BeKTOPOB (1, V2, [U1,V2]) OpUEHTUDPYET MPOCTPAHCTBO TaK ¥XKe,
Kak 6as3ucHas Tpouka (4, j, k). ITO 3HAUUT, ITO OJHY U3 TPOEK MOKHO HEmpe-
DHIBHO HEPEeTAHYTb B APYT'YI0, OCTABJAA BEKTOPHL JUHENHO HE3ABUCUMBIMUA
BO BCE BpeMs neperaruBanuA. Hampuwmep, tpouku (i, ], k) u (j, k,i) opuen-
TUPYIOT IPOCTPAHCTBO OAWHAKOBO, & (i, k,j) — unHAYe.

BekToOpHOE NpoM3BeIeHNE ABYX BEKTOPOB MEHAET 3HAK [P MX IEPECTA-
HOBKE.

IIpuwmep. [i,j] = k= —[4,1],[i,i] = 0.

IIpousBenenne TMHENHO IO V1 U IO Vs.

OTO0 ONKUCAHKE YMHOXKEHIS 3aBEPIIAST ONUCAHUE AIreOpPhl KBATEPHIUOHOB
o Pamunbrony. OCHOBHOE 3HAYEHUE DTOU ONEPAIUA COCTOUT B NOCTABIAE-
MOM €10 OIMCAHUY BPAIIEHNI TPEXMEPHOrO €BKJINI0BA IPOCTPaHCTBa. Haro-
MHIO, YITO BPAIIEHIE eBK/IM0BOM OPUEHTUPOBAHHOM mIockocTr R? Ha yroax o

13



.. 2
3agaércs oroxgectrienneM miockoctu R” ¢ C u nmpeobpasoBanueM yMHO-
XKEHUA HA 2, W — 2W, THIe Z = COSQ + ¢ sina.

k

v v = (cosa)i+ (cosB)j + (cosy)k

i
Puc. 9. OptT ocu BpammeHus ¥ ero HAIPABIAIONINE KOCUHYCHI.

[ KBaTEPHUOHOB MOXKHO NPEAYrafaTh KBATEPHUOHHBIN AHAJIOL UM-
cia z. Ho 3akanumBaromee BEIOOD KBATEPHUOHA 3aMEYAHUE IPUBOIUT K T€-
opuu cnmHA (BEPOATHO, HEPBOOTKPHBATENEM (GOPMYJILI AT HErO ABJSAETCS
Poagpwurec).

MEI HAYMHAEM C €BK/IMI0BA OPMEHTHPOBAHHOTO mpocTpancTsa R? ¢ op-
TOHOPMUPOBAHHLEIM OPUEHTUPOBAHHEBIM 0asucoM 4, j, k. Bpamenue npo-
crpascTea R? ompegensercs cBOel 0ChIO BPAIEHMA U YIIOM MOBOPOTA BO-
Kkpyr sTon ocu. OCb MOXHO 33JaTh OPTOM ¥, KOTOPHIU 33JaETCS CBOUMU
yraamu «, 3, v ¢ ocamu (4, j,k): v = icosa + jcosfB + kcosy. Bpamenue
Ha [TOJOXWUTEABHLIM YT'0J BOKPYD 9TOX OCH COBIAJAET C BPAILEHUEM Ha, IPO-
TUBOIOJIOXHLIM YyI'0J BOKPYT IPOTUBOIIOIOXKHOI'O HAIIPABIEHUS OCH.

PaccmoTpum opT ocu BpaleHusa. IJTOT BEKTOP UMEET KOMIIOHEHTaMU
KOCUHYCH HAIIPABIAKIIMX YTUIOB (06PA30BAHHLIX BEKTOPOM ¥ HAMDPABJIAIO-
mumu BekTOpaMu ocenn). ITo Teopeme Iugaropa, AIuHA BEKTOPa U PABHA
€ IVHUIIE.

Iepexoxum k pernazorment hpopMyIe — JIs1 KBATEPHUOHA,, OMICHIBAOIIET0
BpameHue. JTy (GOPMYJy CKPHIBAIOT OT MEXMATAH WK (U3UKOB (B TeOpun
TBEPAOrO TeJa PACCKAZHBAIOT B BuAe MaTpun [laym).

KakoBa pasMepHOCTH IPYIIIEL BCEX BPAINEHUN €BKJIUI0BA IPOCTPAHCTBA
R®*? Mbl ynorpe6uaseM TPy HAIPABIAIOMAX KOCHHYCA X YOI HOBOpPOTa. 1lo-
JIy9aeTCs 9eTHIPe BEIIECTBEHHEIX YnCaa. KaxXeTcs, 9T0 PasMepHOCTH MHO-
roo0pa3us BCeX BPAIIEHUN PABHA YETHIPEM, HO DTO He BepHO. EcTb COOTHO-
menwe Ha 51w 4 wmcaa: ||v|| = 1. Pasmeprocts rpynmer SO(3) Bpamenun
eBKIMOBA mpocTpaHcTBa R Bokpyr Touku O paBHA TpéM.

3agaua. [locunrats pazmeprocTs rpynn SO(n) BCeX BpAIEHUN MPO-
crparcts R*, R® u . 1. BOKDPYT HAYAJIa KOOPIUHAT.
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B o6oznagenun SO(n) 6ykea O 0603Ha4aET OPTOrOHAIBHOCTD, T. €. CO-
XpaHeHUe TPeoOpa3OBaHUAMM TPYNOEl IIUH BeKTOposB m3 R", a Oyksa S
(«crienmanBbHOEY) — COXpAHEHNe OPUEHTALNH.

Temeps MBI COMOCTABAM KaXKIOMY BPAIIEHUI TPEXMEPHOT'O OPUEHTUPO-
BAaHHOT'O €BKJANIOBA NIPOCTPAHCTBA KBATEPHUOH HOPMEI €MUHUILA.

Onpepenenne. Conpancénnbim K KBATEPHUOHY ¢ = @ + U HAa3bIBAETCS
KBaTEPHUOH ¢ = @ — V.

Omnpegenenmne. Keadpamom Hopmvl KBATEPHUOHA ¢ HABKIBAETCS UUCIO
q-7=a’—(v,(-v)) =a’+|v|* > 0.

OTO — BCer/a BemeCTBEHHOE YUCJI0, OHO TOMOXUTEIbHO ipu ¢ # 0. [len-
CTBUTEJIBHO, HAMMCAHHOE BBEIPDAXKEHNE €CTh CYMMa KBa APATOB BEIIECTBECHHBIX
uncen

q@=(a+bi+cj+dk)(a—bi—cj—dk)=a®+b+c*+d*>0.

ITosTOMY M HOpMA — BEMECTBEHHOE HEOTPHUIATEILHOE IUCIIO.
IIycts gam xkakou-amb0 KBATEPHUOH C HOPMOU €IMHUILIA,

g=a+uv: | =1.

ITo onpeneneruo HOPMBL
a®+ |v|* = 1.

EcTecTBeHHO IPUHATL a U ||v|| 38 KOCMHYC M CHHYC HEKOTOPOTO yTJA:
a=cosp, |v||=sine.

MEu npeacTaBuIn HAIl KBATEPHUOH B BUIE ¢ = COS @+ sin g v, roe v/ — opt
ocu. BexTop TpEéXMepHOro mpoCTpaHcTBa v’ MMeeT HOpMY eauHuna. Ecium
MBI XOTUM ONKCHIBATH IIPU [IOMOIIM HANIEr0 KBATEPHUOHA BPAIIEHUE TPEX-
MEPHOr'0 IPOCTPAHCTBA, TO B KAYECTBE OPTA ¥ €CTECTBEHHO B3ATH OPT OCU
BpameHus. [[1a MOIydYeHUs KBATEPHUOHA OCTAJOCH BHIOPATH B MOCICIHEN
dopmyze yrox . Ilycts § — cama Bemuvuna yriia noBopoTta. CoBpeMeHHOEe
MOHUMaHVE (PUBUKY OTIUIACTCA OT MOHUMAHUA (PUBUKU [BA CTOJCTUA HABA,
MO3TOMY HY¥KHA «IBOUKA Pompurecar: OKasLIBAeTCA, B KAYECTBE (O [JA T0-
CTPOEHUs KBATEPHUOHA, ONUCHIBAIOLIEr0 IIOBOPOT Ha yroa f BOKpyr ocu v,
Hy2XHO BHIOPATh IOJOBHHY yIua IOBOPOTa, ¢ = 6/2,

— Q +S'n Q "l
q = COos 2 1 2 v .

leouka Pogpureca u ecTb IpuyuHa CIUHA B (PUBKKE.
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3ameuyanue. U3-3a qBOUKY BpAIlEHNE OIpEIeNsIeT KBATEPHUOH HEO.-
HO3HAYHO. YTOJ MOBOPOTA § ompenenéu mo Moaymo 2wn, n € Z. Bxogsamun
B OIIpefie/leHne KBaTepHUOHa yroa §/2 ompegenén no Moaymio mn. Ecau n ne-
9€THO, TO PN NPUOABIEHUN 27N K YIUIy § KBATEPHUOH U3MEHUT 3HaK. Hajxo
6bL10 6B IICATE +q = cos(6/2) + sin(0/2) - v'.

WupivMu croBamu, OOHOMY ¥ TOMY K€ IIOBOPOTY OTBEYAIOT ABA KBATEP-
HUOHa, (Pa3IMIaIOIIUecs 3HAKOM).

Bce kBarepuuonsr Hopmer equrmna (||g|| = 1) o6pasytor chepy S° B R*.
CoOoTBeTCTBIE, COMOCTABIAIONIEE KAXKIOMY KBATEPHUOHY HOPMEI €IUHUIA
BpallleHue, 3a4a8T oTobpaxenue chephl S° Ha BCIO TPYNIy BpAIIEHUH —
asyauctHOe HakpuTue: S° — SO(3) = S3/+1.

TeopeMma. Omobpadrcenue HOKPLIMUA ABAIEMCA 20MOMOPPU3MOM, M. €.
npoussedenue neperodum 6 npoudsedenue: ecau g(q) — epawenue, coom-
semcmeyluee K8aMePHUOKRY ¢, Mo

9(q192) = 9(q1)9(q2)- (*)

YMHOXEHUE KBATEPHUOHOB ABIAETCA AIreOpantdecKOu 3aluChbi yMHO-
XKEHUA BPAIEHUN (dTa IPyNna HEKOMMYTATHBHA). OTO AHAJIOI TEOPEMEL
CIIOXKEHMA apPIyMEHTOB IIPK IEePEMHOXKEHNM KOMILUIEKCHEIX ducest. JIerko mo-
KA3BEIBAETCA CIEAYIOmas

Jlemma. [q1g2| = |q1] - |g2|-

TosTomy, ecau |g1| = 1, TO yMHOXKEHUE HA TAKOM KBATEPHUOH COXPAHAET
miuabl. OTCroga Jerko BuBecTH GOpMyay (*) (A IPOIyLLy B 3TOM BEIBOAE
HEKOTOPHIE JeTANN).

Ilycts 2 — xBarTepuuoH u |z| = 1. Bygem gencTBOBaTH KBATEPHUOHOM
7 Ha KBATEPHUOH W CTPAHHBIM 0ODPA30M:

w i 2wzt (%)

Omnpegenenne. O6pamubim K64MEPHUOHOM K KBATEPHIOHY 2 HA3EIBA-
eTCsA TAKOH KBATEPHMOH z L, uTo 2 1z = 1.

Takou 0OpaTHLEIN KBATEPHUOH €IMHCTBEHEH U €r0 JIErKO HAUTU [JIs JII0-
00ro HEHyJIeBOIO KBATEPHUMOHA 2 TAKUM xe 00pa3oM, KaK 5TO [JeIaeTCs
¥ [ KOMILIEKCHEIX “uces («aHBepcus»). B mamewm crydae mpocto 271 = Z,
Tak kak 2Z = 1. CrpamHOE mpeobpasoBaHue (**) — DTO BPAIIEHUA IPO-
crpascTBa R? (gokasarenncrso ananormyso caydaio C).

Ecim w = 1, To mpm sTom Bpamenun 1 — z-1-7%, To ectb BekTOp 1
ocraérca npu npeobpasoBaHuu (k*) HA MecTe. BpalneHve eBKIUI0Ba, MPO-
crpascTea R* ocrapaser ma Mecre equuuiy. OpTOrOHAILHOE JONONHEHHE
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K BekTOpy 1 mepexoaut B ce6s 1 Bpamenue npocrpancrsa R* sagaét sparme-
HYe eBKInA0Ba npocTpancTsa R®. MoxHO HEmOCpeCTBEHHO IIPOBEPATD, UTO
TAK TOSYIAeTCA TO CAMOE BPAIICHNE TPEXMEPHOTO MTPOCTPAHCTBA, KOTOPOEe
MBI PAHBITE ONMCHIBAIY ITPY ITOMOIMIM OCH U yTJIa TIOBOPOTA.

PaccmoTpum fgeiicTBme (*%) 1A TIPOM3BEICHUA 212o: 2129w (z122) L.
Kak Beraucauts (2122) 17

Honackaska u3 3ana: (ab)™! =a 1o~ L.

— Hegepmo!

Ipumep. IlycTs a 03HAYAET CHATH MUIXAK, a b — CHATH pybamxy.
Torga ba — CHATL MUIXAK, 3aTeM CHATL PyOAITKy — DKBUBAJICHTHO Pa3-
netecsa. O6paTtrOe — omeThca. Hago cHavana HageTh PyOaIIKy, U JIWIIb
noroMm HageTh mumxak. lloatomy (ba)™! =a b1

CremoBaTeIbHO, IPOU3BEACHNE 2] 72 TEPEBOAUT TOUKY W B TOUKY

(z120)w(z120) 7t = zlzngglzl_l =2 (zszgl)zl_l.
Omnepanus (x+) GENCTBUA KBATEPHUOHA, 21 22 DKBUBAJICHTHA TOMY, ITO HA P~
3yJAbTAT onepanuu (**) NEUCTBUSA KBATEPHUOHA 22 HA W JEUCTBYET OIEpa-
muen (#*) KBATEPHUOH 27
(z120)w(z120) 7" = 21 [zngz_l]zl_l.
NupivMu cioBamu, A J:060T0 9UCTO MHAMOTO (OPTOTOHATBLHOTO K 1) Bek-
TOPA W UMEET MECTO TOXKAECTBO

(9(2122))(w) = (9(21))[(9(22)) (w)]-

B 60see kOpoTkux 0603HAUEHUAX, BPAIIEHNUS §, COOTBETCTBYIOIIE KBA-
TEPHUOHAM Z HOPMBI €IMHUIA, YAOBIETBOPAIOT YCJIOBAIO I'OMOMODP(MHOCTH,

g(z122) = g(21)g(22),

TAK YTO TPY[HO OMUCHLIBAEMOE YMHOXKEHUE BpalleHuil g(z) CBEIEHO K JErKO
BLINOJHAMOMY HEPEMHOXEHUI0 COOTBETCTBYIOMIUX UM KBATEPHIOHOB.
OTOT KBATEPHUOHHLIN METO ONUCAHUA IBUKEHUU UCIOJb3YETCA TAXKE
B KOCMWYECKUX UCCIEJOBAHUAX, IPU OPraHU3ALUY OPUEHTAIMY CIIy THUKOB.
Joxaxem OGEIAHHOE BHINE COBNAJEHUE ONEPAIMA (**) AEUCTBUA KBa-
TEPHUOHA
z=cos(0/2) +v'sin(6/2), |'|=1,

3—KOMII. 4. 17



C OBOPOTOM Ha yroJa  BOKPYD OCu €ero MHUMOU 4acTé (C OpToM v’) B mpo-
crpascTBe R® 4mcTo MHUMBIX KBATEPHUOHOB.

1) Ocv opma v’ nepexoguT npu >Tou onepauun B cebsA. [[encTBUTEILHO,
UMEIT MECTO CJAEIYIOIIUE TPU OYeBUAHEIE (PAKTA.

a) YMHOXeHVe Ha BeIeCTBeHHOe ducio cos(f/2) mepesoaut B cebs mio-
OyI0 IPOXOIAIIYIO Yepe3 HOJIb IPAMYIO.

0) YMHOXEHVE Ha YMCTO MHUMEI KBATEPHUOH ¥’ IEPEBOIUAT KBATEPHU-
OHBI OCK C OPTOM v’ B KBATEPHUOHEI C HYJIEBOM MHAMOU YACTHIO (MOCKOIBKY
BEKTOPHOE TIPOU3BENeHNE JI0OOT0 BEKTOPA HA Ce0s PABHO HYJIO).

B) O6paTHEIA K 7 KBATEPHWOH 2 | = Z WMMeeT TaKoW Xe, KaK z, BUJ
(c mporuBononoxuEM f), TOdTOMY yMHOXKEHMe Ha 2 | cmpaBa obaanaer,
KaK ¥ YMHOXEHUE Ha Z CJIEBa, CBOUCTBAMU a) 1 0).

YrBepxkaenue 1) HEIOCPENCTBEHHO BEITEKAET U3 (PAKTOB a), 6) U B).

2) Yro6rl I0KA3aTH, 9TO yrOa HOBOPOTA BPAIIEHUA (*%) BOKPYT OCH
opra v’ paBeH §, OCTATOYHO NPUMEHUTD HTY ONEPALMIO K KAKOMY-I100 9u-
CTO MHMMOMY KBATE€PHHOHY W U3 OPTOOHAIBHOIO OIOJIHEHUA K OPTy v’
B TPEXMEDHOM €BKIMIOBOM HIPOCTPAHCTBE R YMCTO MHUMBIX KBATEDHHO-
HOB.

YMHOXEHUE W HA z CJIE€BA MOBOPAYMUBAET STOT BEKTOP BHYTDPU YKA3AH-
HOT'O OPTOTOHATBLHOT'O [OMOJHEHWs Ha yroa §/2 (cormacHo Teopeme o CiI0-
KEHUN apPTyMEHTOB MPU MEPEMHOXKEHUM KOMILIEKCHEIX TUCEN). YMHOKEHUE
Ha 2~ ! cmpaBa — TOXe MOBOPOT Ha §/2 (HampuMep, >TO MOKHO BEIBECTHU U3
TOro0, 9T0

wz Tl =wz = W,

a YUCTO MHUMEIE KBATEPHUOHLI IPU COTPAXKEHUN MEHAIOT 3HAK). Y TBEPXK Ie-
HUe 2) NOKa3aHO.

3ameuanue. B kBanToBOU usuke (HanmpuMep, IPU OMUCAHUK BPAIIe-
HUs DJIEKTPOHOB) OKA3LIBAETCA, YTO (DU3UIECKU BAYKHLIM SBIAETCA HE DIe-
menT rpynnsl Bpamenuun SO(3), a UMEHHO OAWH W3 ABYX COOTBETCTBYIO-
IIX eMy KBATEPHUOHOB HOPMEI €[UHUIA, KOTODPHIN U HA3BIBAETCSI CNUHOM
9A4€KMPOHA, UMEIOIUM [BA 3HaYeHUA (OOGBIMHO 0603HAYAEMEIE B QusuKe de-
pes £1/2).

IIpu oToX AeCTBICHUU B OQHY TOUKY KaXKIOU MAPHI TPOTUBOIOIOKHEIX
TO4YeK Chepel S” B €BKIUJOBOM IIPOCTPAHCTBE R 3 cdepsl moayda-
€TCsA N-MEPHOe TIAIKOe MHOroobpasue, KOTOPOe HA3BIBAETCS BEUW,ECILEEH-
HBIM TL-MEPHBIM NPOEKMUBHLIM POCMPAHCME0M U 0603HAIaeTca dyepe3 RP™

(puc. 9).
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CKJIEMBAaE€MEIEC .
Touku +A «0EeCKOHEYHO-Y JAJIEHHAI)
npsmas RP!

006pa3 OKpecTHOCTH
BKBATOPA
(mocse cxnenmBanwUs)

nonycepa S5
M

Adpdunnas mockocrs R?

Puc. 9. TlocTpoenue NpOEKTUBHOM ILUIOCKOCTU NPUKJICUBAHUEM JEHTHI ME6u-
yca k kpyry A’B’C’ (umu npoexTusHo# npsamont RP! «6eckoneuno-yqamunnim
Touek K addunnoi mrockocTu R?).

OTO0 MHOr000pas3ue MOXHO TaKKe OIMUACATh KaK MHOI000pa3ue BCeX Ipo-
xogsamux depes O npamerx OM B o6bemmomenm npocrparcTee R™T: Bens
Takas npAMasg Kak pa3 U ompenensercs napou +N cBoux (IPOTUBOMOIOXK-
HEIX) TOYEK TEePECEICHUs C eUHUIHON CHEPON.

TIpumep. lpoexTurnas npsamas RP! ects okpyxuOCTL S, mockorexy
[IPY OTOX AECTBJICHUA TOYEK @ U+ T OKPyXKHOCTHU {¢ mod 27} moiaygaercs
okpyxHOCTb {¢ mod 7} = S1/+1 ~ S*.

IpoexTusHaa mIockocTh RP? moayuaeTca m3 ad@UHHON ILIOCKOCTH R?
no6apIeHMEM «6ECKOHEUHO-Y IATSHHON mpamoiy RP', cogepxament mo oduot
0ECKOHEYHO-YIAMEHHOU TOYKE Ha KaXIOU TPAMON adPUHHOM ILIOCKOCTH
(mBUrascL BAOML MPAMOM B O0€ CTOPOHEI, MBI NPUAEM B OJHY U Ty XK€
0€CKOHEYHO-y JATEHHYIO TOUKY ).

Y10o6EL BCE 5TO ACHO YBUAETDH, MOXHO HAYATDH, OTOXAECTBIIASL IPOTUBO-
IIOJIOMKHBIE TOYKK He €O BCel cheprr S?, a Imnib ¢ 3aMKHYTOR moaycdepsr S2
(cxaxeM, 10xHEe dKkBaTOpa). TOrga CKIEMBATHL MPUAETCA TOMBKO KAKIYIO
TOYKYy A DKBaTOpa C IPOTUBOIOJIOXKHON, —A, 8 OTKPEITAsA CTPOrO HOXKHAA
noxycdepa Opu CKICMBAHUM HE TTOCTPasaeT (puc. 9).

Mexay mpodmM, #3 DTOU X€ KOHCTPYKIWK BHIHO, YTO OKPECTHOCTH
GECKOHETHO-y JANCHHON (2 3HAYUT, U JIOOOU) IPAMOU Ha, MPOCKTUBHOM ILIOC-
koctu RP? nuddeomopdna mente Mébuyca (koropyo Mébuyc Tak m OT-
KPBELT), BCIEACTBAE Yero MpPOEKTWBHAA MIOCKOCTh RP? meopmenTumpyema
(kak m BCe IETHOMEpPHBLIE TPOCKTUBHEIE MPOCTpaHcTBa RP?" u B oTmume
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ot meaérroMepHbX RP2"H! xoTopuie Bce opuenTHpyeMET).

Urak, SO(3) = S3/+1 = RP?® — opuenTupyemoe TpEXMepHOE TPOEK-
TUBHOE TPOCTPAHCTBO. KI0o MOXHO MpeACTaBUThL cebe KaK COBOKYMHOCTD
MTOBOPOTOB HA BCEBO3MOXHEIE YyIUIEL, 0 < 8 < 7, BOKPYT BCEBO3MOXHEIX OCEN,
3aJAHHLIX BCEMU BEKTOPAME W IUHIIHON CepH.

COBOKYIIHOCTB BCEX TaKUX BPAIIEHUN MOXHO ONMCATh KaK map {w} pa-
OUyCa T B TPEXMEPHOM €BKJIMIOBOM MPOCTPAHCTBe. HO HA TpaHuie 3Toro
mapa Hy)KHO eIlIe OTO)queCTBI/ITI) HpOTI/IBOHOJIO)KHI)Ie TO‘IKI/I, TaK KaK Bpame—
HHUe Ha yFOJI o BOprF BeKTOpa w COBHaAaeT C BpameHHeM Ha, yFO.H ™ BOprF
BEKTOPa —w (& APYTUX COBIAIAMIMINX BPAIIECHAN B HAIIEM IIAPE HET).

3agaua. Cymecreyor au aBromoppmsmer A: R — R? amre6per kea-
TEPHUOHOB, T.e€. Npeo0pa3oBaHusa (CKAXKEM, BEIeCTBEHHO-JIUHENHBIE), 1JIS
KOTOPHIX TIPU BCEX KBATEPHUOHAX T U Y BHITOIHAIOTCA COOTHOIICHUA

Az +y) = Alz) + Aly), Alzy) = A(2)Aly) ?

3ameduaHue. [[1s moas KOMIUIEKCHEIX YUCEJN [PYIIE, aBTOMOP(PU3MOB
cocTouT 3 AByX daeMeHTOB: A(z) =z m A(z) =Z.

KBaTepHuOHHOE CONpsKEHUME HE ABAAETCA ABTOMOP(PU3IMOM, TAK KaK
[ TIOOBIX KBATEPHUOHOB 2 M W UMEET MECTO JErKO IPOBEPAEMOE TOX IeCTBO
ZW = W-Z, aHe Z-W (K6AMEPHUOKHOE CONPANCENUE — «AGHMUABTNOMOPPUIMY).

ITpumepom aBTOMOpDU3MA ANreOpHl KBATEPHUOHOB fBIAETCS, OTHAKO,
N3MEHCHNE 3HAKOB 06y£L‘ u3 TpéX MHHUMBIX KOMITIOHEHT:

Ala +bi+cj +dk) = a+ bi — cj — dk.

3apgaga. Hantu 6ce aBTOMOPU3MEL anre6phl KBATEPHUOHOB (OHU ITO-
XOXY HA DTOT).

HexoTophlie puMepsl

Ounpepaenenune. [Ipeo6pasosanue (BEMECTBEHHO IUIAIKOE) KOMILIEKCHON
[IPOEKTUBHOU ILIOCKOCTH HA Ce0s HABLIBAETCA NCe8JONPOEKMUSHbIM, €CIIA
OHO IEPEBOANT KAXKAYI0 KOMILIEKCHYIO IPOEKTUBHYIO IPAMYI B KOMILIEKC-
HYIO IPOEKTUBHYIO IPAMYIO.

3apaadga. [lokaxure, 9TO 8cAaKoe NCEBIONPOEKMUBHOE NPEOOPA306AHUE
KOMNAEKCHOT NPOEKMUBHOT NAOCKOCU HG Ce0A ABAAEMCA AUOO KoMNaEKC-
HOLM TPOEKMUBHLIM NPEOOPA306AHUEM, AUGO €20 NPOUIBEIEHUEM HA KOM-
naexcroe conpaxcenue (A He 3HAK, BEPHO JU 3TO 6€3 TPEANONOKEHIA TIA-
KOCTH, HAIIpUMEP — A1 TOMEOMOP(U3MOB).
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Paccmorpum Terpasap B eBKInI0BOM TpExMepHOM mpocTpancTee. Ha-
IpaBJCHUA U3 €0 IEHTPAa Ha BEPIIUHBI OIPEACIA0T Y€ThIpEe TOYKU Ha BE-
MEeCTBEHHON POeKTURHOM TIockocTr RP2. T'pymma mpoeKTHBHEX mpeobpa-
30BAHUN, COXPAHAKIINX DTU TOYKHU, COBHANAeT ¢ rpymmou Az cuMmerpun
TETPadApPa, COCTOAIEN U3 24 OPTOrOHANBHEIX TPEOOPA3OBAHUN E€BKIAUI0BA
npocrpancTsa R?, coxpanmomux TeTpasip.

Baoxwus RP? B xoMmmekcHyio mpoekTusHyo miockocts CP?, mMbr momry-
qum u Tam 4 Touku. UToOBI «koMILIEKCUPUIMPOBATEY rpynmy As, paccmo-
TPUM I'DYIIIy BCEX COXPAHSIOMINX DTy YE€TBEPKY IICEBNONPOEKTHUBHBIX IIpe-
00pa30BAHNY KOMILIEKCHOU TLIOCKOCTH.

3agada. [[oka3aTh, YTO TAK OMPEACTEHHAA «KOMNAEKCUPUKAUUSL 2PYN-
nor Az cummemputi mempasdpa ecmo 2pynna Bs ecex 48 cummempui oxma-
adpa uau deoticmeenno2o okmasdpy Kyba 6 MPETMEPHOM EBKAUAOBOM NPO-
cmpancmee. DTOT KyO MOXKHO IOLYy9IUTh, JOOABUB K BEPIIMHAM TETPADAPA
C IIEHTPOM B HYJI€ Ye€ThIPE IIPOTUBOIIOJOXKHBIX TOYKHN.

3amedaHue. MOXHO HAZEATHCA, ITO K8AMEPHUOHHOT 8epcuet, epynnbvl
A3 cummemputi mempaadpa (o pasno u Komnaekcnol sepcuet epynnot B
cummemput kKyba uau okmaadpa) oxaxcemca epynna Hs uz 120 cummempu
ukocaddpa. OITHAKO HTO MOATBEPKAAETCA TOIBKO CTPAHHEIMU (POPMYIAMA
nas aucen pébep: Ty uucaa pasHel (puc. 10) 6 =2-3 mas Terpasmpa,
12=3-4 gna oxrasapa (wm ky6a), 30 =56 aaa ukocasapa (wiu mome-
KanApa,).

ST
g = 24 |=4s g [Hy | = 120

Puc. 10. TeTpasap, OKTa3Ap ¥ MKOCAdAP, UX IPYIIBLI CAMMETPUN U 9UCIA De-
6ep P. CioBa TeTpasap, OKTasp, MKOCA3AP U AOJEKa3AP O3HAYAIOT «JeTHIPEX-
IPaHHUKY», (BOCBMUT'DAHHUK», «IBAAINATUTDAHHUKY W «JBEHAJIATUTDAHHUIKY.

Bce atu Tpm umcaa mveror Bug (n + 1)(n +2), rme n = 1, 2, 4 —
pPa3MepHOCTE (MHOr0O0pa3ys BEIIECTBEHHEIX TUCE, KOMILIEKCHBIX IHCEN K
KBATEPHUOHOB, COOTBETCTBEHHO).

lnaBHAS TPYOHOCTH WCCAEOBAHUA KBATEPHU3AIUM COCTOUT B OTCYT-
CTBAU FOTOBOrO ONpeneneHus (POab KOTOPOro MPU KOMILIEKCU(DUKAIIAY WUT-
paJI mepexos OT NPOEKTUBHEIX IPE06PA30OBAHNA K IICEBLONPOEKTUBHEIM).
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MoxHo mpeamnonaraTrb, 9YTO oAb Naphl TE€TPAdPOB, BIUCAHHEIX B KyO
(n cBasanHBIX ¢ gpo6bio |Bs|/|As| = 48/24 = 2) urpaer B KBaTepHUOH-
HOM CJIy4ae mATEPKa KyOOB, BIMCAHHEIX B JoAeKasap (pebpaMu Kaxkgoro
73 DTUX IATH KyOOB SBIAIOTCA HEKOTOPBIE M3 IUATOHAJIEHN IATIYIOJBLHBIX
rpaden nogexasapa, puc. 11). Ipu cummerpuax nogexasapa 3Ti 5 KyOGOB
[IEPECTABIAIOTCSA, HOLOOHO TOMY, KaK DTO IPOMCXOAUT C IapON TETPAdIPOB,
BIMCAHHEIX B Ky0, npu gercTBuu rpynnsl 48 cummerpuu Kyba (COBHALa0-
VX ¢ CUMMETPUSAME JBOUCTBEHHOT'O KyOy OKTa3Ipa, BEPIIMHAMU KOTOPOT'O
ABJIAIOTCA LEHTPHI TPaHen Kyba).

Puc. 11. Terpasap, BOMCAHHLIA B Ky6, U Ky0, BIUCAHHLIA B JOAEKA3P.

Teopus cTepeorpadpuydeckon TPoeKnuu chephl Ha, IIIOCKOCTh MPEBPAIa-
€TCsA IPHU IEPEXOJE OT KOMILIEKCHBIX YUCEI K KBATEPHUOHAM (C HeM30eKHEIM
yaérom gsouku Pogpureca) B 3aMe4aTelbHYH IapaMeTPU3ALUI0 KBATED-
HUOHHOH mpoexTusHOM mpsamon HP! ~ S* xpaTepHmoHaMu, aHAIOITIHYIO
dopMymaM «TaHTEHCA TIOTOBUHHOTO yTIIA»,

1—¢2 2t

: @
-7 - = t=tg =
112 sm @ 1+ g

cosp = 2
HapaMeTPU3YOIMM OKpyxkHOCTh RP! u chepy Pumana CP!.

006 5TOU KBaTEPHUOHHOU CTEPEOrPAPUIECKON MPOEKIUMU u 06 €€ mpu-
JIOXKEHUAX K UCCICJOBAHUIO CIMHOPHEIX ABYJIMCTHEIX HAKPEBAOIMX Spin(4)
u Spin(5) rpynn SO(4) u SO(5) Bpamenun cdep pazmeprocTen 3 u 4 MOXKHO
npouecTs B crarbe: B. U. Apnoavd, Jlarpanxes rpacCMaHuaH KBATEPHUOH-
HOTO THNEPCUMILIEKTAYECKOrO TPocTpancTaa (DyHKH. aHAIA3 U €ro IPHI.,
7. 85, Nel (2001), 74-77).

Ykazauuse GOpMyIbl, KaK 9TO HA CTPAHHO, BO-IIEPBHIX, OBLIA OTKPLITHL
[pY PEIICHAU 3HAMEHUTOU 33Ja9M TEOPUU YUCEJa: KAK HAUTU BCe «mudaro-
poBul Tpoukwy neasix uucer (X,Y, Z), ABIAOMUXCA IJIMHAMYA CTOPOH IIPsA-
MOYTOTBHOT'O TPEyTOIbHIKA, TaK 9T0 X 2 + Y2 = 727
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Mpocrenmue npumepsr (32 + 42 = 52, 122 + 52 = 132) MHEOrO MCMOMBL30-
Basuch B /I[peBnem Erunre, 94TOOBI CTPOUTH HPSIMEIE YIUIBI, UCIOAB3YS Y3JIbI
Ha BepéBke (HampuMmep, Npu CTPOUTEIbCTBe mupamuy). Ho obmas ¢popmyia
OvL1a 33 THICAYM JeT g0 [Iudaropa onybankoBana, BMecTe ¢ Teopemon Ilu-
(bar‘opa u ¢ JOKa3aTeJabCTBAMU, Ha BABUJIOHCKUX KINHONMUCHBIX TaOJINIKAX
XaIgeeB: KaxXaas HeCOKpaTuMas nudaropoBa TPOUKA UMeeT BHI

X =u?—0? Y =2uw, Z=u®+%

rae (u,v) — B3AaMMHO MPOCTHE LEIbIE YUCIa (PA3HOM YETHOCTH, YTOOLI
TPOMKA MOJLYyYAIACH HECOKPATAMA).

C Ipyrou CTOPOHBI, T€ Xe (POPMYJILI UMEIOT TOMOJOTMYECKOEe COMePKa-
HUe, ONUCEIBAA CTPYKTYPY MHOXKECTBA, BCEX KOMILIEKCHBIX TOYEK OKPYKHO-
ctu (T.e. KOMILIEKCHBIX peIlleHni ypaBHeHus OKpyxkHocTu 2 + y2 = 1 —
TAK HA3BIBAEMOU PUMAHOBOU MOBEPXHOCTU s OkpyxuOCcTH). OHE Xe r0-
CTABIAIOT, KAK MEl YBUIAM, TAKXKE YCJIOBUA WHTETPUPYEMOCTH B DJIEMEH-
TAPHBLIX (PYHKIUAX TaK HA3BIBAEMBIX «abereBBIX nuddepPEeHInaIosy, Bpoae
V1 —22dx (o6mme abeneBEl MHTErpagbl — OTO BCE KHTErDAILL BUAA
| R(z,y) dz Broab xpuson H(z,y) = 0, rae H — muorouren, R — pa-
OVOHANBHAA (DYHKINAA).

Aduddepennnansaoe ypaBsaenne HberoToHa

Muddepennmanpuoe ypasuenue Hotomona

Pz

WZF(@;

ONMCHIBAIOIIEE [BUAKEHIE TOYKA & €IUHUYHOM MACCHI IO MPAMOU IOJ Xeu-
CTBUEM CWIOBOrO TOJsA F', uMeeT nepeuvili unmezpas snepaus

2
H(z,y) = const, rge H = % + U(z);

y = dz/dt — ckopocTb; U — NOTEHIMATBLHAS DHEPTUs, ONPENeNIAeMas yCIO-

Buem F(z) = —dU/dx.

Ecin F — MHOrOWIEH CTENEHU N, TO YPABHEHUE 3aKOHA COXPAHEHUS
smeprum, H(x,y) = E, onpegenén Ha, «pa30oBOU IIOCKOCTHAY ¢ KOOP AXHATAMY
T ¥ Y arre6panIecKy 0o KPUBYKO (TUMEPRUIMOTAYECKYIO), 3ABUCAIIYIO OT (IO~
CTOAHHOM HHeprum F», a BpeMs t IBUXKEHUs BAONbL HEE ONpemenseTcs ade-
JIEBBIM MHTErpajoM oT guddepennuansaon ¢opMel dt = dz/y (TOCKOIbKy
y = dx/dt).
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CooTBeTCcTByIIOIEE DTOMY IBIXKEHUIO (PA30BOU TOIKM BEKTOPHOE IIOJIE
Ha (azoBou kpuBor H = F eCTECTBEHHO NPOLONKAETCS HA BCIO KOMILIEKC-
HYI0 PUMaHOBY IOBEPXHOCTB (Tak, 4TO df = 1 Ha BeKTOpax moJs). Y IuBU-
TEILHBIM (PAKTOM OKA3BIBAETCSA TO, UTO HTO BEKTOPHOE HOJE ONUCHIBAET JBU-
XKEHIE TI0 PUMAHOBOU MOBEPXHOCTY 3ANONHAIOMIEN €€ (HECKUMAECMOU KU KO-
cTy (AMeeT «IUBEPreHLUUIO HOJbY, 9TO B APYTUX TEPMUHAX O3HAYAET «3a-
MKHYTOCTB» (POPMEL df, T.€. TO, YTO OHA OKA3LIBAETCS JIOKAIBLHO ITOJHBIM
nudPepeHnuanom ).

3apgaua. Ilycre norerumanbras dueprus U — MHOrOWIEH 9€TBEPTOU
creneHu C ABYMs1 MI/IHI/IMyMaMI/I («AByM}I IIOTEHIINAJIBbHBIMHA }IMaMI/I»). Pac-
CMOTPUM [IEPUOIUYECKAE NBUKEHU B TOX U B APYIOU sAME, C ONUHAKOBEIMUA
3HAYEHUAMEI TOCTOAHHOU ToJaHOU dHeprum, F. CuopamwmBaercs, mepuos Ko-
TOPOr0 U3 HUX OOJbIIe: IBUXKEHUsA B 6oee MIIyDOKOU sAMe WIN B MEHee IUIy-
60Kon?

OrBer. JT1a 3ana4a — ronosornyeckas. O6a mepuoma 0 quHAKOBEL, II0-
CKOJIBKY PMMAaHOBA HMOBEPXHOCTH (asoBou kpusou H = E — Top, nepuoau-
YEeCKUe OBIKEHUS — IBA €[0 MEPUANAHA, 8 [IOTOKY HECKIMAEMOU KU TKOCTI
HA TOpe depe3 JObIe 1Ba MEPUANAHA OLUHAKOBLL.

3ameuanue. Unrerpans guddepennuansion ¢popmel dt = dz/y mo
BCEBO3MOXHEIM 3aMKHYTHIM IyTsAM HA, TOPE, BHIXOMAMIAM U3 OJHOU U TOU
JKe TOYKHW, OOPa3yIoT «peméTKy»: abereBy rpymny Zwi + Zws = I', roe wy
U We — MHTErPAJBL BIOAL NAPAJLIENN U BIOIbL MEPIANAHA TOPA. SHAYEHUE ¢
HHTErpaja, 0 BEIXOIAMNM U3 BEIOPAHHOU TOYKY HE3AMKHY THIM IIyTAM SABJI-
€TCsl MHOI'O3HAYHOM (PYyHKLIMEN OT KOHEYHOU TOYKU HA TOpe, NPUYEM BCE
3HAYEHUs DTOU MHOIO3HAYHOU (PyHKIUU B TOYKE MOLYIAIOTCA U3 OJHOTO U3
HrX npubaBreHnEM Bcex Jucen u3 permérku I

Takum 06pa3oM, CaMa HAIIA, TOPUIECKAS PUMAHOBA IOBEPXHOCTD MIPEI-
craBasgeT co60u (C TOYHOCTBIO A0 KOMILIEKCHOTO auddeomopduama) dax-
top-npocTpancTso C/I' = C/(Zw: + Zws), Tie KOMILIEKCHOE meIo A = £L
He BEIIECTBEHHO.

BriGupas pasaudHble MHOMOWIEHBI Y€TBEPTOUM CTENEHW, MOXKHO IOLY-
YUTb, YTO BCE HEBEIIECTBEHHEIE 3HAYEHUSA Ay U BCE TOPUIECKIE PUMAHOBEL
MOBEPXHOCTY JOCTABJIAIOTCSA 3TON KOHCTPyKUIUen (ITO JOKA3aTh yXKe He TaK
JIETKO).

Bce ceprueckne puMaHOBE TOBEPXHOCTY KOMILTEKCHO AU (HeOMOphHE
crangapTHO# cdepe Pumana S? = CP'.

BBugy cTONL GOMBIION BaXXHOCTU DTUX BOMPOCOB, S CKAXKY O HUAX He-
CKOJIBKO CJIOB.
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Ot Teopemnl ITudaropa x pPUMaHOBBLIM MOBEPXHOCTAM

PacemoTpuM oKpyxHOCTE 22 + y? = 1 u 6ygeM CHAYATa UCKATH HA HEl
TOYKH C PALNUOHAIBLHBIMU KoopauHaramu (x,y). OpgHa Takas TOdIka u3-
BectHa: (z = 1,y = 0). IIposeném Uepes 5Ty TOYKY MPAMYIO C TAHTEHCOM
yria HakaoHa t k ocm Oz (T.e. ¢ ypaBrenwem y = t(z — 1), puc. 12).

Puc. 12. TlocTpoeHune pPalMOHATLHOM IAPAMETPU3ALUU OKPYXKHOCTH TAHIEH-
COM { IIOJIOBMHHOI'O yTJa.

OaHa TOYKA NEpPecevYeHus DTOU NPAMON C OKPYXHOCTBIO HAM YK€ W3-
BeCTHA. [103TOMY BTOPOU KOPEHB I TOMYYAOMErOCa Mpu (PUKCUPOBAHHOM ¢
KBAPATHOTO YPABHEHUA [ KOOPAUHATHI X TOYKU MEPECEICHUA TPAMOU
C OKPYXHOCTBIO BEIPAXKAETCS UYepe3 3HAUEHNE IapaMeTpa MPSIMOU ¢ PALuo-
HauabHO. Cle0BATENIBHO, OKPYXHOCTh — «PAIMOHATBHAA KPUBASAY, NOMIYCKA-
OIS TAPAMETPU3ALIIO

z=P(t), y=0Q), (1)

rae P u () — panuonaibubie GyHKINAN.
IIpoBoas Te xe€ BLIYNCIEHUS IBHO, MEL JIETKO HAXOAUM, ITO

-1 0= 2t
T 241 1427

IIpu panroOHATEHBIX 3HAMEHNAX T U Y 9uCI0 t = —Y5 DAIMOHAIBHO, & DU Pa-
[MOHATBHOM 3HAYEHNN ¢ MBI HAXO UM PAIMOHANBHEIX £ 1 Y 110 dhopmyaam (1).
IIpr —t = u/v ¢ peaEIME ¥ ¥ ¥ MBI HAXOIUM YKA3aHHBIE BbIIE GOPMYIEL BCEX
«iuparoposex» Tpoek (rae z = X/Z,y = Y/Z). UccrenoBanue HeCOKpa-
TUMOCTH (B3aUMHOM IIPOCTOTHI) HECJAOKHO (He HAM0, 9TOOH 4 1 v 062 GLLIN
HeuéTHBIMU!).
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C Ipyrou CTOPOHBI, IOBEPXHOCTH, OOPA30BAHHAA KOMNAEKCHbIMY PEITIC-
HuaMu ypasHeHus 2 + 42 = 1, BKII09aA «GECKOHEUHO-Y JATEHHEIE) , OKA3LIBA-
eTcA, KaK DTO TOKA3EIBACT MApaMeTPU3ALNa KOMILIEKCHLIM IIapaMeTpoM ¢,
chepour Pumana, S? = CPL.

Yy H(z,y)=0

/)

Ny
Y

Puc. 13. DmamnTudeckas KpuBasd CTeNeHU 3: €€ BEIIeCTBEHHBIE TOYKM U €€
PMMaHOBA MMOBEPXHOCTH.

[as gpyrux muorourenos H (z,y) momyummucs Gbl APyrue MOBEPXHOCTH
H = 0, xoTopsie MOT'yT u He OBITH chepamu. Hampumep, ypaBHEHUE «2/IM-
[ITAYIE€CKOU KPUBON»
v =2-z+E

3agaéT mpu mouT; Beex E mosepxmOoCcTh Topa S x S, masmBaemoro Taxxe
«cdepon ¢ ogHOU pyukomy (puc. 13).

Puc. 14. PumaHOoBa MOBEPXHOCTH poga g = 3: cdepa ¢ TpeMa PydIKaMu.

B o6mewm cayvae (HanpuMep, Ipu 3aMeHe MOKa3aTeta 3 B T° 60Jee BEI-
COKIM TOKa3aTeaeM 2¢g + 1) nomyIaercsa B KadeCTBe PUMAHOBOM TIOBEPXHOCTH
cdepa ¢ g pyakamu (puc. 14, 9ucao g HA3LIBAETCA POJOM TOBEPXHOCTH).

Becr HaOOp CBA3HEIX 3AMKHYTHIX IVIATKUX OPUEHTUPYEMBIX IOBEPXHO-
cren (6e3 KpaeB WM OCOGEHHOCTEN) UCIEPILIBAETCA CHEPAMU C ¢ PYIKAMEA
(9=0,1,2,...).
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OcHOBHaAsA TeOpeMa TEOPUM WHTErPUPOBAHUA abeneBuix nuddepeHnma-
J0OB BAOAL anreOpamdeckux kpuseix H(x,y) = 0 cocrour B TOM, 4TO 6cCE
makue unmezpaabt (0m nPou3sosbHbir payuonasbnelr opm R(x,y) dr) 6Ge-
PYMCA 8 IAEMEHMAPHLIT PYHKYUAT €CAU U MOALBKO ecau Pod pPumanosot
noseprnocmu kpusoti H = 0 pasen nyao (m.e. ecaw ona duddeomopdna
cepe).

Hampumep, gaa H = 22 +y? — 1 Bce Takue mHTErpaJsl 6epyTCA, TaK KaK
OHU CBEJEHBI HAMU BBIIIE K MHTEPATAM OT PALMOHAIBHEIX (DYHKIUKI OT TI6-
pemensHon t

/ R(z,y) dz = / R(P(+), Q(t)P'(t) dt

(dT0 — «TEOpmA MOACTAHOBOK DWIEPA», TOMOJOTMIECKUU CMBICA KOTODPOU
OT CTYAEHTOB BCEr[a CKPHIBAIOT).

Kaxngas xpuBas poga 0 panuoHasbHA, T.e€. HOMYCKAET PAIMOHATILHYIO
MapaMeTPU3AINI0, AHAJOTUIHYI0 HAUJEHHOW HAMU [JI OKPYXHOCTHU SBHO
(mokazaTh BTy MapaMeTpPU3yeMOCTb HE OY€Hb TPY.IHO, HO BCE XK€ TyT Tpe-
6yeTCsa HEKOTOPOE BJAIEHIE KOMILIEKCHOU MeOMETPUEN ).

Ecau xe pox pumanoBou nosepxuoctu kpusou H = 0 Goabine HyJs,
TO MHTErpad OT MOAXOIAMEN PALMOHAILHON AudPepeHnnaIbHon (pOpMEL
B/IOJIb DTON KPUBOU OKA3LIBAETCA MHOTCO3HAYHON (DYHKIUEN B KOMILIEKCHOU
06JIaCTI/I CO CTOJBb CJI0OXHBIM BeTBJIeHI/IeM7 KAaKOr'O HE MOXET MMETh HUKAKAA
snemenTapHas GyHknusa. [[03ToMy mHTErpasbl B 9TOM CIy4ae He BCErga CBO-
OATCA K DIeMEHTAPHBIM (DYyHKIIUAM.

IIpocrenmen 3a1a49er TAKOrO POIa, ABIACTCA 33,4398 O BLIYUCACHUN [IJIV-
HBI OYTU DJUINICA, CBOMAMAACA KAK Pa3 K MHTECPUPOBAHUIO BAOJL KPUBOU
poga g = 1 (K0TOpas MOITOMY-TO U HA3EIBAETCS IAAUNMULECKOT KPUBOT).

Takum 06pa3oM, HAIIA TEOPUA CBA3LIBAET KOMILUIEKCHEIN AHAIU3 U C TO-
[IOJIOTMEN, U C TEOPUEH IUCEJ, U C TEOPHUEN AIrOPUTMUIECKON PA3PEMIUMOCTH
3a/1a4M MHTECPUPOBAHMUS.

3ameuanue. Takoe ke TOMOJIOTUIECKOE NOKA3ATEIHLCTBO UMEET U Te-
opeMa, AGess 0 HEBO3MOXHOCTU PEIIEHUsA B PAAUKAIAX OOIIErO yPABHEHUA
maTon (i 60ee BEICOKOU) CTEEeHY, HAPUMED, YKe YPABHEHUS

2 4+arx+1=0

(x KxOTOpPOMY, BHPOYEM, CBOAATCA BCE YPABHEHWA IATOU CTENEHHU). 3IeCh
HYXXHO UCCICNOBATH BETBJICHUE MATU3HAYHON KOMILICKCHOU (DYHKIIUW I ap-
CYMEHTA G, 3aJAHHOM BEITMCAHHLIM yPABHEHUEM, KOT 13 KOMILTEKCHAA Mepe-
MEHHAaA G 00XOMUT BOKPYT TOYEK BETBJICHWUA DTOU MATU3HAMHON (DyHKIIAM.
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BerBrenue yHKIHE ONUCHIBAETCS IEPECTAHOBKAMU MATU JOKAJILHBIX
JauCTOB %;(a), ¥ MEePeCTaHOBKY, COOTBETCTBYIOIINE BCEBO3MOXKHBIM IIyTSM,
He NIPOXOJAMIAM dYepe3 TO4YKY BeTBICHUs, OOpa3yOT I'DYIIY Ha3BIBAEMYIO
(UPYIIHION MOHOAPOMUMY MHOTO3HAYHOU (PYHKIMA & OT apryMeHTa @, puc. 15.

Puc. 15. TI'pynma momOzpOMUN (DYHKIWM «(KBAJPATHBIM KOPEHB» COCTOUT W3
IBYX IIEPECTAHOBOK 0G0MX KODHEH.

I'pynna MoHOAPOMEY TFO60M KOMOMHAIMY DPAINKAJIOB paspemmma, (CBO-
OATCA K KOCOMY TPOU3BEJEHMI0 KOMMYTATUBHEIX Ipynn). A rpymma MoHO-
OPOMUM YKABAHHOU BHIIIE MATU3HAMHON (PYHKIMM COLEPNKUT BCE MEPECTa-
HOBKHU D DJEMEHTOB U MOTOMY HEPA3PElmInMa. JHAYUT HEPA3PermMo B pa-
OVKAJIaX U Halle ypaBHEHVE (faxe ecau JOOABATH K PANUKAIAM BCE OTHO-
suaunse Gyakuun). 06 sTou Teopeme AGera MOXKHO IPOIATATH NOAPOGHEE
B kuure B. B. Anekceesa «Teopema Abens B 3agadax u pemenuax»(M.: Ha-
yka, 1976), Bocnpoussoasmen Mou Jeknuu mkoasHukam 1964 rona.

Ecau ypasuenve kpuson H (z,y) = 0 3agaso, To HauTH €€ PO g HE TAK
Y& JErKo. J3IeCh MOMOTAET COOOPAXKEHUE (UTAMbIHCKOU AAre0pamdeckoun
FeOMEeTPUM»: €CJIU CTeNeHb 711 MHOrowiena H dukcuposana, To pod 6ydem
O0HUM U MeEM Hee 048 NOUMU BCET 3HAUEHUT KOIPHUUYUEHMO8 MHO2OUAEHA.
160 Te crenuarbHEE MHOTOWICHE, IS KOTOPLIX PO UHOU, peaku. 110 106H0
TOMY, KaK Te 3HAYEHUsA TapaMeTpa ¢, A1 KOTOPHEIX YPaBHEHUEe £ = ¢ UMeeT
HETUIIXIHOE, TO €CTh OTVIMIHOE OT N, IUCJIO0 KOpHeﬁ, ClI€enaJbHBEICE MHOIL'O-
“wieHBl 00Pa3yI0T MHOXECTBO, 33,1aBaeMO€ KOMIUIEKCHEIM yPaBHEHUEM («IUC-
KPUMUHAHT PABEH HYJIIO» ), T. €. ByMs BEIIECTBEHHEIMY YPABHEHUAMIE (B yKa-
3aHHOM BEIIE pumepe — ¢ = a + bi = 0 o3magaer cucremy (a = 0,b = 0)).

IlosTomy #ecneyuasvmubie muozousenvt H obpasyom e npocmpancmee
8CET MHO20UAEH08 JAHHOU CMENEHY T CEA3HOE MHOHNCECTNEO, IPU [BIKECHUN
BJOJIb KOTOPOTO TOMNOJOTMYECKAE WHBAPUAHTHI (HAIPUMEDP, PON) COOTBET-
CTBYIOWIEN ABUXKYINENCA TOYKE PUMAHOBOU MTOBEPXHOCTY OCTAITCA HEU3MEH-
HBIMU.

Ocraércs HAUTU PON ¢ A 00HO20 HECHENUATBHOTO MPUMEPA. JTO
HE TaK yX TPYIHO CAENATh: I'OAUTCS, HAIIPUMED, ITOYTH BEIPOXK IEHHASA KPU-
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Bai H =0, vae H =Ly -...- L, + ¢, u rge L; — nuHelHbIE HEOLHOPOL-
Hble (PYHKIUK OOIIEro TOJOKEHUA. JTA PUMAHOBA, TOBEPXHOCTD MOLYIaeTCA
u3 n cpep gobasiaenuem N Tpybouek, rae N — 4YUCIO TOYEK MEPECEICHUs
n npaMux (puc. 16).

HEBO3MYIIEeHHAA £=0 ecro
npaMas [, _ IepecTpOoMKn
\\
7L3 ~.N BO3MYyIIeHHAA
KpUBas

e>0

Puc. 16. Tomonorua BemecTBEHHON anreGpamvecKOd KPUBOU M PUMAHOBOU IIO-
BEPXHOCTU HOYTH BHIPOXKJEHHOM KDPUBOM CTeneHm 3 (4O BO3MYINEHUS GHCIO
cdep n = 3, 9KUCIO CoeMHAOIMX TPyGodek N = 3, pox g = 1).

Oreer naswmBaercs gopmyasot Pumarna—Iypsuya:

_(n—=1)(n—-2)

= 5 )

Y006kl €€ 3aI0MHUTD, 3aMETHUM, 9TO POALI KPUBLIX cTerneHu i = 1 (IpAMBIX)
u crenenu 1 = 2 (3m1uncoB, runep6o, mapabol) PABHEL HYJIIO, T. €. 9TH KPU-
BBEIE JOMYCKAIOT PAIlMOHAIBHBLIE IAPAMETPU3AINN, & UX PUMAHOBHI IOBEPX-
HOCTH nuddHeoMOpdHHI chepaM.

PamnmonansHEIe KpUBEIE HA3EIBAIOTCA €IE YHUKYPCALbHLIMY, T.€. OTHO-
IpO6EraeMBEIMU, TaK KaK KaXIYI0 U3 HUX MOXKHO HAYEPTUTDH (B BEIIECTBEH-
HOM CJIy4dae) OJHUM POCYEPKOM Iepa, He OTPHIBajA ero oT Oymaru (34ech
HY>XKHO WIN MMETb B BUJY KPUBYIO HA NPOEKMUBHOUY INIOCKOCTH, WIN K€
[PEANOAAraTh BEIIECTBEHHYIO YaCTb KPUBOU B A(QPUHHOU ILIOCKOCTH KOM-
NAKMKOU: DIIANC yHUKyPCATeH, a ap@uHHAS 9aCTh TUIep6OIE — HET).

Jloka3aTeasCTBO YHUKYPCATBHOCTY PAIMOHAIBHOU KPUBOU IOy IaeTCs
IIPOCTO IPY PACCMOTPEHUY BEIECTBEHHBIX 3HAYEHUN PAIMIOHAIBLHO IIapaMe-
TPUIYIOIIEU KPUBYIO IEPEMEHHOMN t.

Ecan ucxoguas xkpuBas H = 0 He riankas, TO Kaxaasa €€ 0COOEHHOCTb
YMEHBIIAET POl COOTBETCTBYIOMIEN PUMAHOBOM MOBEPXHOCTHU (HA KOTOPOH,
HAMIPUMED, TOYKE IPOCTOTO CAMOIEDPECEUEHUs UCXOMHOU KPUBOU COOTBET-
CTBYIOT AB€ TOYKW «HA PA3HBIX JAuCTax»). OKa3BIBAETCA, KPUBAsA CTEIEHU 7l
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c ("_1)2& 0co6BMEu TOUKamMu (a 6osbIne ux 1 He GhIBaeT) umeeT yxe pox 0,
T.€. OHAa PALMOHAILHA U YHUKyPCAJbHA, a4 UHTEIPAJEl OT PALMOHAIBHBIX
OpM BHOJbL HEE BEIMUCIUMEL B 3JIEMEHTAPHEIX pyHKImax. Takosa, K mpu-
Mepy, (BHIPOXKICHHAA LIMNTHYecKas kpusam (puc. 17) y? = 2° — 3z + 2
(c ocobou Toukou mpocToro camonepecedenus ¢ = 1,y = 0).

poa: g =0
CTemeHb: N = 3

TOYKa
«Of — O

Puc. 17. YuumkypcaibHaa ocobas KpuBad, BJOIL KOTOpOu GepyTca Bce abe-

JIeBbI MHTETPAJIE], W €€ Majas IIePeCTPOMKA B HEOCOOYIO DIUIMITHYECKYIO KpPHU-
ByIO (B BEIIECTBEHHOU ¥ B KOMILIEKCHOM OGIACTH).

3ameuanue. B kadecTBe mapamerpa t, 9€pe3 KOTOPBHIM KOOPIUHATEHL
T W Yy TOYEK HAIed YHUKYPCAJbHOU KPUBOU BHIPAXKAIOTCA PAUOHAILHO,
MOXKHO B3SITh TAHIEHC YIVIa, HAKJIOHA K Ocu O NPAMOU, COCAUHSIIONEN U3Y-
YAEMYI0 TOYKY KPUBOU C TOYKOU CaMonepeceydenus (IpOBeIUTe BEIMUCICHUSL
z(t) m y(t) — OHU MO3BOAAT BHIYUCIATL BCE AGEIEBHI MHTETPAJEL BIOIb Ha-
mel KPuBou).

Mex gy mpoduM, 3Ta KOHCTPYKIUA MOACHAET, KaK HA PUMAHOBOU IO-
BEPXHOCTU KPUBOU BMECTO TOYKU CAMOIMEPECEYEHUS UCXOTHOU KPUBOU IIO-
SIBJISIIOTCS IBE OOLIKHOBEHHBIE TO4YKW. [[Ba 3Hadenus t1 u to mapamerpa t,
COOTBETCTBYIOLIUE TOYKE CAMOIEPECEYEHUs UCXOMHOU KPUBOU, — DTO TAH-
PEHCHI HAKJIOHA yIVIOB HAKJIOHA K OCA 2 O0EMX IVIAAKUX BETBEU WCXOIHOU
KPUBOY, IPOXOAAMKX Y€Pe3 €€ TOUKY CAMOIEPECeICHNsI.

ITepexoq OoT KpuBOU C CaMOIEPECEYCHUAMU K €€ IVIa KO PUMAHOBOU
[IOBEPXHOCTI, HA KOTOPOU TOYKA, CAMOIEPECEYEHUS IPENCTABIEHA HECKOIBKO
Pa3, HA3KIBAETCA HOPMAAU3QYUET MCXOTHON KPUBOU.

OxasbiBaeTcs, BesAKas aarebpandeckas KpruBas MOXeT ObITh anrebpan-
YECKU HOPMAJU30BAHA, T.€. MOXET OBITH MOJYyYeHa U3 HEKOTOPOU IVIaIKOU

30



anre6panveckon KpuBou (U3 CBOEM PUMAHOBOU IOBEPXHOCTH) aurebpamde-
ckuM oToOpaxkeHueM (OTOOpaxKeHneM, KOTOPOe, [PaBaa, MOXKET IOCHLIATh
B HEKOTOPBIE — OCOOBIE — TOYKU KPUBOU-00pA3a HECKOJIBKO PA3HBIX TOUYEK
PUMAHOBOU TTOBEPXHOCTH).

3agaua. Hopmanmmsosars Jemuuckary 42 = 2
2Ta KPUBaAA?

2 _ z*. Yuukypcanmbua mm

MaTemaTuYecKue TPOUIILI

Tpu BapuaHTa — BEIECTBEHHLIN, KOMILIEKCHEIA M KBATEPHUOHHLIN —
HMEIOT MHOTME MATEMATHIECKUe TEOPHUH, NMPUIEM €MUMHCTBO KaK COOTBET-
CTBYIOLIXX TEOPEM, TAK U UX IPWIOKEHUN (TO B TONOIOIMH, TO B (U3UKE,
TO B TEOPUY 9MCE] WK B aIrebpe) pacno3HATh HE BCEAA JErKO.

IIpueeny aumms HECKOABLKO IPUMEPOB¥.

ITpumep 1. CoBnajgenue MPOEKTUBHOU MPAMOU C OKPYKHOCTHIO:

RP! = S

Kommrekcundukanmen 5Toro GpaxTa OKA3bIBAETCA yIUBATEIBHAA TEOPE-
ma IlonTpsaruna (OTKPEITAsA UM B TPUALATHIE FOILI, HO HE OMyOJUKOBAHHAA,
n HOTOMy U3BECTHAsA Ha 3allage Imoaq MMEHAMHU TeX MaTeMa,TI/IKOB, KOTOpI)Ie
B IIECTUIECATHIE [OABL OIyOIMKOBAIM CBOK JOKA3ATEILCTBA B OTBET HA MOU
BOIIPOC, U3BECTHO JU UM [JOKA3aTEILCTBO 3TOU TeopeMbl [IoHTpsAruna).

Teopema. Daxkmopnpocmpancmeo KoMnaekcHoli NPoexmusnot naoc-
Kocmu no eé sewecmeennomy JuPdeomopPuamy «KOMNAEKCHOE CONPAHCE-
nuer dugddeomopden uemvipérmepnoti chepe:

CP?/ Conj ~ S*.

Takum 06pazom, mpu KOMILIEKCA(PUKAIIAN PA3MEPHOCTD €IMHUIIA, TIPOEK-
TUBHOT'O MIPOCTPAHCTBA 3aMEHIIACH TBOUKOM, X BAOOABOK MPUIILIOCH (hAKTO-
PU30BATH IO I'PYIIE aBTOMOPMU3MOB MO/ KOMILIEKCHBLIX YUCET (ITO MOXKHO
OBLIO OBI JEeJaTh U B BELIECTBEHHOM CIy4ae, I'Ae, OLHAKO, e[UHCTBEHHBIN aB-
TOMOP(U3M — TOXIECTBEHHOE TPe0OPa30BaHNUE).

* Boaee moapobHoe 06Cyxaenue 60abmero Habopa (GaKTOB MOXHO HAUTU B CTATLE:
B. U. Apnoavo, «llommmaTeMaTnka: ABIACTCA JM MATEMATUKY €JUHOU HAYKOU WMIN
HabopoM peMmécem B coopHuke «Mathematics: Frontier and Perspectivesy, usganaom
MEeXAYHAPOAHEIM MATE€MATHIECKAM COI30M M AMEPUKAHCKUM MaTeMaTUIeCKAM 00-
mecrsoM B 2000 rogy B O3HAMEHOBaHWE KOHI@A ThHICAdenetus (mog pex. B. U. Ap-
HOmbha, M. Atea, II. Jlakca u B. Masypa). Il1aHupyeMblll pDyCCKHU LEpPEBOJ 0GB~
ABIEH m3naTeascTBOM «Pasmucy, MockBa.
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YragaTth KBATEPHUOHHBIA AHAJOT MPEILIIYIIEM TEOPEMEl HEJErKO,
HO aHAJIN3 PA3yMHOIO e€é JOKA3aTeIbCTBa MOKA3KIBALT Clepyomee*:

HP*/ Aut / Conj =~ S*3.

31ech HAYMHATL NPUXOJUTCA ¢ KBATEPHUOHHO YETHIPEXMEPHOrO (T.e€. Be-
IIECTBEHHO IMECTHAINATAMEPHOIO) IPOEKTUBHOIO IPOCTPAHCTBA, a (paKTo-
pu3oBaTh — 0o Tpéxmeprou (uzomopduou SO(3)) rpymme aBTOMOPGUIMOB
1 el o aHTUABTOMOP(PU3MY KBATEPHUOHHOT'O COMPAKEHUA.

IMoyunTensHo, 0HAKO, ITO NOKA3ATEIHLCTBO BCEX TPEX MEPEIMCICHHBIX
BEINIE (DAKTOB COBEPIICHHO MAPALICILHEl — HYXHO TONBKO 3aMEHATL Be-
IIECTBEHHLIE YUCIA HA KOMILIEKCHEIE (M KBATEPHUOHBI), 8 KBAAPATUIHLIE
opMBl (KOTOpHIE B BEIIECTBEHHOM CJIy4Yae 3alUCHIBAIOTCA B MOIXOISIIEN
CHCTeMe KOODAUHAT B BUAE Y '\ | ApT2,) — HA BEIIECTBEHHBIE DPMHUTOBEL
(u rUnEPIPMUTOBEL) POPMBL, KOTOPHIE 3ANUCEIBAIOTCA B TAKOM K€ BUJE C 3a-
MEHOH TONBKO KBAAPATOB T2, HA KBAAPATHI MOTyIel |T2,|.

Omnpefenenne SPMUTOBEIX U TUMNEPIPMUTOBLIX (HOPM (B KOMILIEKCHOM
BekTOopHOM mpocrpancTee C" u xBarepuuonnom H") — 510 06BIYHEIE Be-
IIECTBEHHBIE KBApaTHdHEe (GOpMEL (B coorBercTByomeM RZ" mm R*™),
MHBAPUAHTHLIE OTHOCUTEILHO YMHOXKEHUS BEKTOPOB-aPTyMEHTOB HA KOM-
IUIEKCHBIE IMCJIa (KBATEPHUOHEI) HOPMEI €IVHULA.

leomeTpraeckuil OGBEKT, COOTBETCTBYIOIMN IOJOKUTEILHO-OMIPETe-
JEHHOU KBaApaTwudHOu Qopme f, — dro smmmuncons f = 1. Taxk uro sp-
MUTOBEIM (2 B KBATE€DHHOHHOM CIy4ae — CUIEPIPMUTOBHIM) (OpMaM CO-
OTBETCTBYIOT DJUIUIICOUILI BPAIIEHNSA CO CIICIUAMLHLIMUA CAMMETPUAME: OHU
HEePEXOAT B Ce6s P YMHOXKEHUN BCEX BEKTOPOB IPOCTPAHCTBA, BILTUIICOU 1A
HA | B KOMILUIEKCHOM Cay4ae (Ha i, j, kK — B KBATEPHUOHHOM ).

Teneps A MOTYy OMMCATEL BTOPOU MPUMED yAWBATENLHOU KBATEPHUOHU-
3aIWH.

IIpumep 2. OrrankuBaHue DIEKTPOHHBIX YPOBHEU, KBAHTOBHIU -
dexT Xomna u XapaKTEPUCTUICCKHAE TUCIA.

B BemecTBEHHOM CiIydae Pe3yJbTAT y2Ke COBEPINEHHO HETPUBUAJICH
7 ObLT OOHAPYXKEH, HECMOTPsS HA CBOK MATEMATHIECKYIO (DyHIAMEHTAJIb-
HOCTB, JIUIIL BCJAEICTBAE PA3BUTHUA KBAHTOBOM MEXaHUKHU (IJe OH HA3BLIBA-
erca Teopuen o Henmana—Burmepa). Paccmorpum MHOrooGpasme Bcex
21uncoB (C IEHTPOM B Hadale KOOPAUHAT) Ha eBKINJOBOU ILNIOCKOCTH (WiH,
€CJu yroAHO, MHOr0OOpa3ue KBaJPATUIHEX (POPM, KOTOPHIE UX 3AJA0T).

* B. . Apnoavd, PoacrBenHnK (HaKTOPa KOMILIEKCHOU IMPOEKTUBHOM ILIOCKOCTH IO
KOMILIEKCHOMY conpsxenuio. Tpyaelt Marem. Uucruryra um. B. A. Creknosa PAH,
ToM 224 (1999).
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HexoTophie 13 3/UINICOB ABIAIOTCA OKPYXKHOCTAMU. Ha mepBrIn B3Oz
KaXXeTCsd, YTO YCJIOBHUE 0OPAIIeHN JJLINIICA B OKPYXKHOCTB — 3TO OJHO COOT-
HOIIIEHNE PABEHCTBA MOIyOcen ¢ = b, Tak YTO HOAMHOr00Opa3ne OKPYKHO-
CTeU JOJKHO UMETh KOPa3MEPHOCTL ONUH B MHOI00GDA3NM BCEX DJLIUIICOB.

OTO, OQHAKO, HE TaK: MHOI000pa3une KBaAPATUIHEIX (GOPM

Az? + 2Bxy + Cy?

umeeT pasmepHoCcThb 3 (1 koopauHatel A, B, C), a MEHOr006pas3ue OKpyKHO-
CTel — pa3MepHOCTh 1 (Tak KaK OKPYXKHOCTH C LEHTPOM B HyJe ONPEeIes-
€TCA CBOUM PaAyCOM ).

Breigeasiomee OKpyXKHOCTHA YCIOBUE «TUCKPUMUHAHT PABEH HYJIIO) A
COOTBETCTBYIOIIErO KBAIPATHOTO YPABHEHNA, ONPEIEIAIONIEr0 [INHEI TIOLY-
oceit aamunca, umeet Bug (A + C)? = 4(AC — B?), T.e. cBOAUTCA K CyMMe
1Byx kBagpatos, (A — C)? + 4B% = 0, u onpegerseT 0IHOMEPHOE TIOMHO-
roo6pasme B TpExMEpHOM mpocTpancTee Gopm (a mmernHo, npamyo A = C,
B =0).

Teopema Burmepa—¢pon Hemmana yTBepx)gaeT, 9TO U A DJLIATICOU-
IOB B 1I-MEPHOM IIPOCTPAHCTBE IIPU JIO60M 1 NOIMHO2000Pa3UE IA4UNCOUI06
BPAWEHUS UMEETN, KOPAMEPHOCTIL 064, TAK UTO HU 044 I44UNCOUIa 06we2o
NOAOHCEHUA, HU 048 UAEHO08 00HONAPAMEMPUNECKO20 CeMeicmEa 06we2o no-
AOHCEHUSA DAAUNCOUTDL BDAULEHUS HE BCINPEUAITNCA.

Ecin mapucoBaTh rpadgpux 3aBUCUMOCTH [IJIUH 7 TOIYOCEU A, (p) mis
DILIUAIICOU LA, TAKOrO CEMENCTBA, 3ABUCALIErO OT MapaMeTpa P, TO Ha ILIOC-
KocTu (p,a) MOXyYaroTca n KpuBbiX (m = 1,...,7n), Kaxaasa U3 KOTOPBIX
OJHO3HAYHO NPOEKTUPYETCA HA OCh 3HAYEHUN HapaMeTpa P, U KOTOPHIE II0-
HApHO HE MEPECeKAIOTCA, XOTA U MOT'YT UHOT[A TTOAXO0UTh NOBOJILHO OIU3KO
ApyT X Apyry (puc. 18).

B ¢usnke 3Ha9eHN Q) HABEIBAIOTCA (YPOBHAMMY, A 3((dEKT X HeCOBIA-
[EHUS UCTOJKOBLIBACTCA KAK «OTTATKUBAHNE) YPOBHEN NPYT IPYTOM IIPU UX
COMUKEHNY BCIEACTBUE U3MEHEHUs IapaMeTpa.

Bupouem, mOCKOIBKY 5Ta TEOpEeMa — MATEMATHIECKAA, OHA IMEET MHO-
XKECTBO PA3HEX (pusmaeckux (u MHLIX) npuioxenuu. Hanpumep, Ha Bpame-
HU€ CILy THUKA BOKPYT €r'0 NEHTPA MACC CHIBHO BJAMAET €r0 «JIMIICOU,] MHED-
LMY, U, €CJIU DTOT DJUIMIICOU] OKAXKETCA DILIAICOUAOM BPAILEHUs, TO yIPa-
BJATH OPUEHTANMEN U KyBLIPKAHUEM TAKOI'O CILy THUKA Jerde. Teopema Bur-
uepa—dpon Hemana mokaswIBaeT, 4TO 044 mMo20, 4mobvl cdeaamyv 344uUncoud
UHEPYUYU CNYMHUKG IAAUNCOUOOM BPOUEHUS, HEDOCTNAMOUHO NePedsuzamsy
8004b WMAH2U 00HY OCTMUPOBOUHYID MACCY»: NOJOOGHBIL WMaH2 O0AHCHO
O0bimb He Mmenbuwe J8YL.
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Puc. 18. PacranrkuBanve COOCTBEHHBIX YMUCEN.

O6paTuMcs Tenepb K KOMILVIEKCU(DUKAIMYA TEOPEMBI 00 OTTATKUBAHUN
ypoBHen. KopasMepHOCTE 1Ba MHOrOOGPA3NS SIIUIICONI0B BPAILIEHNS CPean
BCEX DJLIATICOUIOB 3AMEHAETCA TIPU TIEPEXOe OT KBAAPATHIHEIX ¢hopMm B R”
K 5pMuTOBEIM B C™ Ha BEIIECTBEHHYI KOPA3MEPHOCTh, PABHYIO TPEM.

OJLIANICOMAL] BPAILEHUS HE BCTPEYIAIOTCA 34€Ch He TOIBLKO B OLHOIAPA-
METPUYIECKUX CEMENCTBAX OOLIEro MOJTOXKEHNS, HO U B ABYIAPAMETPUIECKIX
(a mpw TPEX BEMECTBEHHBIX MAPAMETPAX DPMUTOBEL DIUIMICOUILI C JOMOJI-
HUTEIBHOU CUMMETPUEN BCTPEYAITCS ISl OTAENBbHEIX TOYEK B TPEXMEPHOM
NPOCTPAHCTBE APAMETPOB).

S moapo6HO uccae[0BaT BOZHUKAOLINE 3ECh TOIOJOI MYeCKIe BOIIPOCHI
(cTpoenue paccioeHUA «COOCTBEHHEIX BEKTODPOB», KOTOPHIE B MaTE€MATUKE
COOTBETCTBYIOT IVIABHBIM OCAM DJINICOUJA, & B (PU3MKE HABBIBAIOTCA (MO-
naMm») B ctatbe: B. U. Apnoavd, Monwt u kBasumonsr, PyHKII. aHAIN3 U €10
mpui., 7. 6 Ne2 (1972), 12-20.

Cerogus 9Tu pe3yJbTATH HA3KIBAIOTCA TEOPUEH (IEIOIUCIEHHOTO KBAH-
ToBOrO dddexkra Xommay (Tak KaK BO3MOXKHO DKCIEPUMEHTAILHOE HAOJIIO-
[JEHVEe IIPOXOXKAEHUS MOBEPXHOCTH B TPEXMEPHOM NIPOCTPAHCTBE-BPEMEHU,
TOYKA KOTOPOU ONPENeaseTCsa OBYyMs MNapaMEeTPAMU, 9epe3 CIEHUAILHBIE
TO‘IKI/I7 rae COOTBeTCTByIOH_II/Ie QILIATICON IBI MMEIOT rE[OHOJIHI/ITeJII:HyIO CuM-
METPHIO.

B Tomosorzueckux TepMuUHAX DTO SABICHUE HA3HLIBAETCS (IPUPAIICHAEM
XapaKTePUCTUIECKOI'0 UNCIa epHa KOMILIEKCHOI'O DACCJIOEHUS COOCTBEH-
HBIX BEKTOPOB HA[l YKA3aHHOUN IOBEPXHOCTBHIOY NPU MPOXOXK IEHUM DTOU II0-
BEPXHOCTHU Y€Pe3 CIenUAIbHBIE TOYKYU. TakuM 00pa3oM, TOMOJIOrAIeCKas Te-
Opus LEJOYNCIEHHOIO KBAHTOBOrO d(ddexTa Xo/u1a ObL1a IOCTPOEHA U OILy-
OaukoBaHa B 1972 r. 10 puam4eckon — NPOCTO MyTEM KOMILIEKCADUKALIAA
KJIaCCUIecKor Teopemul Buraepa—pon Hernmana, HeqocTaBaio TOJILKO pu3u-
YECKOU TE€PMUHOJOI MY, TOABUBIICUCS TTO3XKE.

CeropHs B TaKOM Ke TTOJOXKEHNN, KaK ObLIa B 1972 r. KOMILTEKCHAs Bep-
CUsl, HAXOAUTCS KBATEPHUOHHAA Bepcusa TeopeMmsl Burunepa—gpon Henmana.

B sToMm ciyuae BemecTBEHHAS KOPA3MEPHOCTD HNOABIEHUS JOIOTHATEb-
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HOU CUMMeTpuu (T.€. CTOIKHOBEHUs COOCTBEHHBIX YPOBHEU TUIEPIPMUTO-
BLIX ()OPM) PABHA IATU. DT YUCIA — 2, 3 U § — yKe BCTPEUAINCH HAM [IPK
aHaIM3e 4ucen pébep TeTpasapa, OKTAAPA U UKOCADAPA: KAXKI0E M3 HUX
paBHO d + 1, rae d — BelmecTBeHHAsA PAa3MEPHOCTH (BEIIECTBEHHOU, KOM-
IUIEKCHOU 1 COOTBETCTBEHHO KBATEPHUOHHOU MIPAMON).

Pouas paccaoenus Xonda S® — S? (co croem S'), dyraamenTarsroro
U151 KOMILUIEKCHOU TeOpHK KBAHTOBOIO dddexTa XOomia, ArPaeT B KBATEPHU-
OHHOM CITy4ae «BTopoe paccioerue Xomndar, ST — S* (co croem S°).

06a 5Tu pacCIOeHUs ONMUCHIBAIOT IPOCTO CTAHIAPTHOE IIOCTPOEHUE PO~
extusHOrO pocTpancTra (CP! ~ §2, HP! ~ $*) ua chepnr cooTBeTCTByIO-
1Iero MPOEKTUBHOMY BEKTOPHOro mpoctparctea (S° C C*\ 0, S7 ¢ H?\ 0):
TO4YKe CEePHl PACCIOEHNEM CONOCTABLACTCS IPAMas, COSIUHAIONIAA €€ C Hy-
mém. W, HakoHel], «XapaKTEPUCTUYECKAM KJIACCAM M YUACIAM epHa» KOM-
IUIEKCHOTO CIry9as (KOTOPHIE ABIAITCA KOMILIEKCU(DAKAINEH «(XaPAKTEPUCTA-
geckux kiaaccoB llrtudens—YurHm u UAIEPOBOU XAPAKTEPUCTUKI) BEIe-
CTBEHHOI'O CJIy4as) COOTBETCTBYIOT B KBATEDHUOHHOM CIydae «XapaKTepU-
CTHYIECKME KIACCHL u ducaa lloaTparuHay (mepecTpauBalomIuecs IpU MIpo-
XOXK I€HUN II0IBIKHOI'O Y€THIPEXMEPHOI'0 IPOCTPAHCTBA IAaPAMETPOB Yepe3
CHENUATBHBIE TOYKY MATUMEPHOTO IPOCTPAHCTBEA).

Bena auinb B TOM, 9YTO PUBUIECKUX HA3BAHUU DT MOTOBBLIE MATEMATH-
YEeCKUME PEe3yJbTATHI TOKA €¢ He MOAyYWIn (XOTA A U HAJLEICh, 9YTO 06u-
JIYe PA3JINYIHEIX [TOJEU M YACTUL B COBPEMEHHOU (DI3UKE MO3BOJIAT YKA3aTh U
Te SKCIEPUMEHTAIHHO HAOMIO JaeMEIe CUTYAIUK, KOTOPHIE YIPABIAIOTCS OIK-
CAHHOU BHIIIE KBATEPHUOHHOU TEOPHMEN T'MIEPIPMUTOBEIX MATpHL). Tpouku
«R — C — H» u «xanaccwr Hltudens—Yurau — knaccsr Yepua — kaaccer I[los-
TPACMHAY YKA3BIBAIOT, YTO KOMILUIEKCU(DUKAIMEN [BYX3JEMEHTHOU DYIIEI
Zo xoa(pPpunmenToB kinaccoB llTudens—YuTHu sABISETCA TPYINA UEIBIX YU-
cen 7 k03pUIUEHTOB KIACCOB 1epHA, HO UTO OKAXKETCA KBATEPHUOHHOU
Bepcuen rpynnsl Zs (AId KOMILUIEKCHOM BEPCUEN TPYINHBL LEJbIX 9ucen Z)
NOKa, emé He pemeHo (B KaYeCTBe KAHAUAATOB BEICTYNAOT, B YaCTHOCTH,
7 u rpyuna Z + 17 UelbX KOMILIEKCHEIX YICe ).

CrnuHbl 1 KOCHI

[ust 0603HAMEHNA NBYJIUCTHOrO HAKPEITHA rpymmel Bpamenun SO(3)
rpynmo# cimuoB Spin(3) = S? = SU(2) duswku npuaymanm KpacUBLIN Me-
TOJ, OCHOBAHHBLIN H3, MaTEMATUIECKOU Meopuy xoc. IlycTh Ha MOBEPXHOCTH
M 3amanHbl n MOMAPHO PA3NIUYHEIX TO4YeK. Kocot uz m wumet wa noseprro-
cmu M HA3LIBAETCA MyTh B MPOCTPAHCTBE TAKUX HAGOPOB, HAYMHAIOIANCS
¥ KOHYAIOUIUNCA B 33 JaHHOM HEYIOPAIOYeHHOM Habope n Todek u3 M.
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IIpu 5TOM KOCa PACCMATPUBAETCSA KAK Iy Th C TOYHOCTHIO 1O IOMOTOINH,
T. €. HelpepLIBHAA JedOopMalisa, COXPAHAIIIAA €r0 HaYaIbHLIN U KOHeIHLIN
HAOOPHL ¥, KOHEYIHO, Ae(POPMUPYIOMAS IPOMEXKYTOIHEIE HAOOPEL TAK, ITOOLI
OHU BCE BpeMs COCTOSIN W3 7 PABIMYHBLIX TOYEK, CIMTACTCSI HE MEHSIOMIEN
KOCY.

N3 xoC 3 1 HATEN MOXHO NOCTPOUTH T'PYIILY, TPONOKAA OJNH IIyTh
apyruM (o6paTHas KOCa — OTO MIyTh, IPOUAEHHBIA B OOPATHOM HAIPABIIE-
HUn).

Hampumep, k0COU @ w3 AByX HUTEU HA OPUEHTHUPYEMOU IIOCKOCTH SABJLA-
€TCA NBUXKEHUE 3TUX TOYEK Ha HOJIO60p0Ta B HOJIO)KI/ITeJH)HyIO CTOpOHy BO-
KPYT CepeuHBI COeIUHAIONEro ux oTpeska. Bee kocur af (k= +1, £2,...)
Pa3IMYHLI, HETPUBUATLHEI (OTJIMYHLI OT HETIOIBIKHOTO Iy TH a’ = €) u BMe-
cre ¢ e 06pa3yoT (n30MOpdHYO IpynIe neasx ducen Z) rpynny B(2) Bcex
KOC U3 2 HUTEU Ha ILWIOCKOCTH.

I'pynna B(3) Bcex kOC HA IUIOCKOCTH U3 TPEX HATEN MOPOXKICHA ABYMS
oOpasywmumvu a u b, Bpamaoomumy napy todex 1, II u mapy Touex II, IIT
Habopa Jexamux (B 3ToM nopsaake) ua npamou rodex (I, IT, IIT), puc. 19. dTu
IBe 00pasyoume yAOBIeTBOPSIOT cooTHOmeHuo aba = bab (zoxasannomy
Ha puc. 19), a Ipyrux COOTHOIIEHUN HET (3TO AOKA3ATHL TPYIHEE).

IY: IIIvIIIv Ie II«:IIIr /\ ] | ,/\;
\ a b \ A /\x

\ i

Jibnbml /0 /ol / £ O

Puc. 19. Kocul u3 Tpéx HATEN HA IUIOCKOCTH.

Kocur Ha mmockocTu yn106HO n3006paKaTh KPUBBIMYU B TPEXMEPHOM IIPOC-
TPAHCTBE-BPEMEHU: [ KOCHI U3 1 HUTEN IPADUK IBUKEHUS TOYEK HAOOPa
COCTOUT W3 7 KPUBEIX (KOTOPHIE M HA3LIBAIOTCA HUTAMM), IPUIEM, IO TPa-
OULINY, OCh a0CIIICC PACIOIAraeTCs BEPTUKAJLHO U OPUEHTUPOBAHA CBEPXY
BHU3 (9Ta TpaAMIUA OOBACHACTCA OOBIMHBIM DACHIOIOXKEHUEM 3AILIETAEMOU
CBEPXY BHU3 KOCHI).

N nes 06bACHEHNs IBYIUCTHOTO HAKPLITUAS BPAIEHUN CIIMHAMY COCTOUT
B TOM, YTOOLI PacCMOTpPEeTh KOCH W3 n HUTed Ha chepe S? (mampmmep,
npu n = 4).
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B rpymnne koc Ha IIOCKOCTH HET DIEMEHTOB KOHEIHOI'O MOPAIKA: €CJIM
M-A CTENEeHb KAKOU-I160 KOCHI TPUBUAIBHA, TO OHA U CaMa, TPUBUAIbHA. [las
KOC 3 IBYX HATEU DTO OYEBUIHO, HO yKe IPU TPEX HUTAX JOKAZATEIBLCTBO
HE CTOJB IIPOCTO.

YIUBATEIHHBEIM MATEMATAYECKAM (PAKTOM Teopuu CHEepUIeCcKUX KOC
ABIAETCS TO, ITO B I'PyMIe KOC Ha chepe S? GEBAIOT BIEMEHTHI KOHETHOTO
nopsaaka (HampuMmep, BTOPOro — A KOC U3 9eTHIPEX HUTEN).

OTOT TOMOJOTUIECKUAN PE3YIbTAT OYEHE OMM30K K TOMY, ITO (PyHIAMEH-
TanreHas rpymmna MEoroobpasusa SO(3) ~ RP? cocrouT u3 gByX BIeMeHTOB,
Tak 9TO cnmHOBOe HakpuTe S° — SO(3), comocTapasmiOmee KBATEPHUOHY
eVHUYHOU HOPMBI 33 JaHHOE UM BPAINEHUE, IBYJIUCTHO.

II. Mupak, koTOpEIU U306PEN 3TOT METO OOBACHEHUA CIUHOB, TIPOIe-
MOHCTPUPOBAJI (PU3NKAM DKCIEPUMEHTAIBHOE JOKA3ATEILCTBO CHOPMYIAPO-
BAHHOU TEOPEMBI O ChepuiecKnx Kocax. [lJis 5Toro oH peann3oBas HyKHYIO
cepuaeckyo KOCy u3 YeTHIPEX HUTEH, HETPUBUAJILHO CBA3AB IBE KOHIICH-
Tpudeckue Chephl YeTHIPEMA BEPEBKAMU B OUPAHMYEHHOM MMU CJOE (2TOT
CIOK 3aMeHseT B ChEPUIECKOM CIydae TPEXMEPHOE MPOCTPAHCTBO-BPEMI,
B KOTOPOM JIEXKAJIU HATY KOCBL, COOTBETCTBYIOIIEN JBUXKEHUIO HA0OPA, 7 TO-
Y€K Ha ITOCKOCTH).

3aTeM BHYTpHU WIApa, OTPAHWYEHHOT'O MEHBINEN CPepor, MOMEIaeTCsa
emé MeHbIIas Chepa, COeNUHEHHAA C UCXOMHO MEHbIIeH (Temnepb CpenHen)
cdepon Tak ke, KakK Ta OLLIa COeIMHEHa, C CaMOu OOILIION ChepOou.

U, nakonen, cpenuss chepa yuuaroxaercs. [locre sToro 6dabimas u ca-
Masi MEHBIIAs Chepa OKAZBIBAIOTCS CBA3AHHBIMYU 4 BEPEBKAMYU TPUBUAJILHBIM
06pazom (mocae gedopManny BEpEBKY CTAHOBATCS PAJUAILHEIMIY), XOTS UC-
XO0QHOE CO€OMHEHNEe OBLIO COBEPIICHHO HETPUBUAJBHBEIM M HE MOIVIO OBITH
paciyTaHo (CAEIAHO PANUAILHEIM IOCPEACTBOM AedOPMAIVA B CJIOE MEX Y
OrPAHUYUBAIOMIMMY €0 KOHIEHTPUIECKAME CHEPAMU).

B oTimune oT pusMKOB, MATEMATUKA STOM TEOPEMEI TeOpUH Chepude-
CKUX KOC OOLIYHO He 3HAKT, TaK KaK OHU CIMHAMU HE MHTEPECYITCA.

IloGaBneuue

Onpepenenane. OyuKius, NEPEBOLAMIAS BCIAKOE HEHYJIEBOE KOMILIEKC-

HO€ 9YUCJIO 2 B 1 1
F(2) == -
@=3(:+3).

HaswBaeTCA Pynkyuet XKykosckozo.
Teopema 1. Dynxyus XKyxosckozo nepesodum oxpyxcnocmy |z| =1
HA NAOCKOCTNU KOMNAEKCHOT NEPEMENHOT 2 8 JAAUNC C YEHMPOM 8 HY.1e C NO-
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ayocamu a, b, 2de 2a =r +r 1, 2b=p —p!

nepemennoti w = F(z).
JokasaTenbcTBo. BemecTBeHHas um MHUMAsS YaCTH YUCIA 2 PABHEL
r COS @ U T sin ¢, IOdTOMY

, HG NAOCKOCTNU KOMNAECKCHOU

1 1 .
= = =(cosp —isinyp),
z r

OTKYJa

1
w= §[(r +r Heosp+i(r —r 1) siny],

YTO U YTBEPXKIAIOCH. 0
PDyukuus 2KykoBCKOro urpaer OrpoOMHY POJb B TeXHUKE, 1 2KyKOB-

CKUU BBEJ €€ DAy BHIYUCICHUA IO [BEMHON CUIIEL KPELTA CAMOJIETa, (T1€ OCHO-

BaHHAA Ha Heu popMyaa 2KyKOBCKOrO 0CTAETCsA (PyHIAMEHTAILHON).

Ho ona umeeT u MHOrO APYTUX MPUJIOKEHUN.

Teopema 2 (Bosmna). Omobpaxcenue 6036edenus KOMNAECKCHBIT WU~
cea 6 xeadpam, C — C, nepesodawee 2z 6 w = 22, nepesodum 2yxos sa4unc
C UYEHMPOM 8 HYAE 6 HLIOMOHOB8 344UNC ¢ oKycom 6 Hyae.

HdokazaTeabcTBOo. IlycTh kOMIIEKCHOE 4mMCIO ¥ mpOOEraeT OKPYK-
mocts |u| = r. Torja kKoMmIekcHoe WMCiIo z = u + u~ ' mpoberaer (mo
Teopeme 1) rykos e ¢ noxayocamu 2a 1 2b (C UEHTPOM B HyJe). DTUM
CIIOCOGOM MOXHO MOIYYIUTD DJLINAIC C JIOOBIM OTHOIIEHNEM NJIUH IIOLYOCEw.
Ksanpar uucaa z ectb

Z=u+u?+2. (1)

Ileperie gBA CIATaE€MEIX B CyMMe ONUCEHIBAIOT (OmATH MO Teopeme 1)
CHOBA I'yKOB dmmmnc. Ero moayocu mmeror mmaesl 24 = 72 — r~2. Ksa-
OPAT PACCTOSAHUSA OT LEHTPA DTOrO DILINUIICY A0 €ro (POKyCa BHITUCIAECTCS
o Teopeme ITudaropa:

(247 = (2B)* = [(* +77)* — (¢* —r ) = 4,

TO ecTb paccTosiHWe OT meHTpa sumnca {u? + u~2} mo ero dokyca ects
2C = 2. ]
CrenoBaTenbHO, TOCIE YKa3aHHOrO B hopmyJe (1) casura sammmnca Ha, +2
HAYAJ0 KOOPAUHAT CTAHET (POKYCOM HEPEHECEHHOTO DJLIUIICA, UYTO U JOKA3BI-
BaeT TEopeMmy.
3ameuaHue. JTOT PE3YJLTAT MOXHO IepedOpMyIupOBATL B (pusmde-
CKIX TEPMUHAX: TPACKTOPUH MapMOHIYECKOTO KOaeOaHWA mo 3akoHy [yka
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BOKPYT HAYaIa KOOPAUHAT HA, INIOCKOCTU KOMILIEKCHOI'O IIEDEMEHHOIO [epe-
XOIST NPU BO3BEIEHNM KOMIUIEKCHBIX YKCEJI B KBAaAPAT B TPACKTOPUN IBU-
XKEHUA 110 3aKOHY BCEMUPHOI'O TATOTEHUA (WU [0 3aKOHY npuTskenus Ky-
JIOHA), CWIa KOTOPOrO O6PAaTHO IMPONOPLUUOHAILHE, KBAIPATY PACCTOAHUA
IO TOPUTACMBapOmero umeHtpa. (CaMo ABMKEHNE B HYXHOE ABIMXKEHUE IIpU
DTOM He MEPEXOANT: CKOPOCTH IPOXOK JEHUsI OHON OPOUTEL 0O0MMYU NBUXKE-
HUSIMY DA3HEIE.

3ameuanue. [JokazanHas TeopeMma BonnHa nMeeT 3aMevaTenbHOE 06-
ofIIeHVe Ha CIyYan, KO a BO3BENEHNE B KBAAPAT 3aMEHEHO HA BO3BEICHUE
B IPYTYIO CTENEHB (. B 5TOM CIy4ae OpOUTHI ABMKEHUS B II0JE TPUTAKEHIS
(nnm orrankuBaHus) crenedu A mepexoiAT B OPOUTHL AJA OJA CTeneHu B,
rae dncaa A u B ¢BA3aHBI COOTHOINIEHUEM [BOMCTBEHHOCTH,

(A+3)(B+3) =A4.

Hanpuwmep, 3akon I'yka, nus koroporo A = 1, ABiseTca TBOUCTBEHHLIM 3a-
KOHY BCEMUPHOT'O TATOTEHUsA, 111 KOToporo B = —2. B xadecTre mokasa-
Tess CTENEHN ( HYXHO B 00ILIeM CiIydae BEIOMPATh 3HadeHne a = (A + 3)/2
(ZBOMCTBEHHOMY 3aKOHY COOTBETCTBYET OOpaTHOE IpeobpasoBaHue, 06paT-
Hou crenenu B = (B +3)/2=1/a).

3agava. Hautn asrogsoicreensne 3akonsl. (HeooToH nx yxe nccuae-
gosaa!)

Y nuBuTENBHEIM 00PAa30M, BCS 3T TEOPUs JBOUCTBEHHOCTH IIEPEHOCUTCS
Ha CIy4Yal, KOIJa MECTO CTENEeHHO'O MPeo0pasoBaHusa W = 2% 3aHUMAET
000U MHOTOWIEH (Wi faxe Jobas MIaKkas B KOMILIEKCHON OOJaCTU KOM-
iekcHasa QyHkiws) w(z) (Hanpumep, w = e* wim w = In 2).

JIBOMCTBEHHEIE IOTEHINAIE! HA MIOCKOCTAX {2} u {w} marorca dpopmy-
JIAMU [BYX OMpPefeaseMEIX IPeoOpa30BAHNEM BEIIEeCTBEHHBIX (DYHKIUN KOM-
ILTEKCHBIX IIePEMEHHEIX,

U(z) = |[dw/dz*, V(w)= —|dz/dw|*.

IIpeo6pasoBanue nmepeBoAuT OPOUTEL ABUXKEHUA TOYKM 2 C IIOCTOSHHOU
oJHOU DHepruer E B mose ¢ noreHuuanbHou duepruent U B OpOUTHL 1BUXKE-
HUA TOYKK W C IOCTOSHHOY NOJHOU dHeprued —1/E B noJe ¢ moTeHnnatsHon
suepruen V.

OTa yAUBATEILHAA IBOUCTBEHHOCTD ABUXEHUN B CTOJb PA3HEIX ABYMEp-
HBIX MOJAX COXPAHAETCS NI KBAHTOBO-MEXaHUIECKOrO ypasHenus [Ipénun-
repa (R. Faure). Ho uu xakue-1u60 0600IIeHNs HA JBIKEHASA B IPOCTPAH-
CTBaX APYTOro YUCJIa U3MEPEHUN, HU KBATEPHUOHHEIE 000O0IIEHN YKA3AHHON
IBOUCTBEHHOCTHU HE U3BECTHHI.
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